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I. PREFACE 
The 19508 and 19608 8aw a major upheaval In the content and 
viewpoint of school mathematics. The changes that took place 
during those years were part of a coherent movement to reform 
mathematics education. The various reforms advocated by the 
leaders of this movement became known collectively as the "new math." 
The present work is a history of the "new math" movement in the 
United States. 
This movement brought about change in the school mathematics 
curriculum on a scale and at a rate unknown before—or since. 
The 1970s and 1980s have seen a drift in the opposite direction. 
For example, there have been demands to go "back to the basics." 
While it is not always clear what is basic, such demands clearly 
challenge recent reforms and call for a return to a more traditional 
curriculum. Unfortunately, such reaction against the "new math" has 
often caused us to lose sight of its entirely valid criticisms of 
"old math." What is needed is not to go back, but to go forward more 
wisely. Part of that wisdom can come from examining the history 
of the "new math." 
The "new math" did more than simply criticize the old. It 
also provided answers to some of the problems of mathematics 
education. It did not answer every question, nor was every question 
that it answered answered correctly, but it did give some answers. 
These answers can be relevant to the educational problems of today. 
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For example, while writing this history, the author was teaching a 
remedial college mathematics course in beginning algebra. The chosen 
text was written as if the "new math" had never existed. A successful 
effort was made to have the text changed the next time the course was 
offered. The new text had as one of its coauthors a leader in the 
"new math" movement. The new text was not a "new math" book, but its 
authors had learned from the "new math," and what they learned made 
theirs a much better text. One of the purposes of this history is 
to prevent the lessons learned in the "new math" experience from 
being lost. Another purpose is to keep alive an awareness of 
basic issues in mathematics education that were raised by the "new 
math." 
There have been no previous attempts to write a history of the 
"new math." It is true that many articles, pamphlets, and books 
explaining "new math" appeared during the 1960s. These often 
contained a sketch of the historical background of the movement. 
However, none of these sketches pretended to be serious scholarly 
studies. They represented instead the Impressions of those involved 
in the movement in the nature of its roots. 
The one serious scholarly work that treats the "new math" is 
the Thirty-second Yearbook of the National Council of Teachers of 
Mathematics, A History of Mathematics Education in the United States 
and Canada (1970). Although this work is well-documented, it naturally 
only gives a part of its attention to the "new math." In addition, 
it puts too much emphasis on what was said about mathematics 
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education, by various experts and commissions, and too little emphasis 
on what was done. 
A final earlier work relevant to the present study is a history 
of the largest "new math" group written by one of its members (Wooton, 
1965). While invaluable in its own area, the book is far too narrow 
to give an adequate appreciation of the entire movement and its 
origins. 
In writing the present work, an attempt has been made to make it 
as useful as possible. This attempt has influenced the final work in 
two main ways. First, to make it readable by as wide an audience as 
possible, explanations of the mathematical background of the "new math" 
are given in terms understandable to the educated layman. Second, the 
most space has been devoted to topics that have not been adequately 
covered in other works. Thus, the activities of the School Mathematics 
Study Group are sketched only with enough fullness to maintain 
continuity, since a detailed history of this group is available 
(Wooton, 1965). On the other hand, the influence of World War II 
and of educators and educational philosophy on the "new math" have 
been largely neglected. Here, they are treated in some detail. 
Nearly every discussion of the "new math" Includes mention of its 
roots in changes that took place in mathematics in the nineteenth 
century. Less common is an explanation of those changes, and a 
description of how those changes gradually diffused over the span 
of a century to Influence the school curriculum. Both of these 
omissiens are corrected here. Our story begins with an account 
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of the effect that mathematicians and changes In mathematics had 
on the "new math." 
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II. THE MATHEMATICAL BACKGROUND 
OF THE "NEW MATH" 
A. Introduction 
It will be argued In this work that one of the most Important 
characteristics of the "new math" was that It actively Involved 
substantial numbers of professional mathematicians. Certainly 
this characteristic distinguished the "new math" from the old. 
During the 300 year period from the founding of the first Massachu­
setts public schools to the early 1950s, mathematicians and 
contemporary developments In mathematics had little effect on the 
school curriculum (NCTM, 1970, pp. 105-106, 116, 132). The mathe­
matics that was taught had generally been developed before the 
beginning of this period. While social changes influenced such 
things as the grade placement of topics, the percentage of the 
population studying a particular mathematical topic, and the methods 
of teaching, the basic mathematical content changed very little. 
At the same time that the content of school mathematics remained 
largely static, the field of mathematics itself grew and changed 
rapidly (May, 1963). When, in the early 1950s, the mathematicians 
involved in this growth and change turned their attention to school 
mathematics, school mathematics suddenly felt the Impact of centuries 
of accumulated growth in mathematics. This alone would have been 
enough to account for a sudden acceleration in the rate of change 
of the school mathematics curriculum, as new topics were Included, 
and obsolete topics deleted. At the same time, however, much of the 
6 
curriculum would have remained the same if the only need had been 
to Incorporate new topics. Even the most modern of mathematicians 
believed that 1+1=2 remained both true and relevant, and deserved 
a place in the curriculum. 
The larger changes in the curriculum came from another source. 
In addition to the evolutionary growth in mathematics from 1650 to 
1950, there was also a revolutionary change in mathematicians' ideas 
about the nature of mathematics. This took place largely during 
the nineteenth century. In order to better understand this revolution, 
we must be clear about what we mean by "revolution." 
One of the most influential recent works in the history of 
science has been Thomas Kuhn's The Structure of Scientific Revolutions 
(1970). Kuhn (p. 6) characterizes a revolution as more than a 
large or rapid change. For him, a revolution involves a change 
in assumptions and perspective as well. It is not so much new 
things that are important, but rather the fact that old things are 
looked at in a new light. This is exactly what happened to mathematics 
in the nineteenth century (Meder, 1957, p. 418). It is easy to see 
why such a development would have a much greater impact on mathe­
matical education than any new discoveries on the frontiers of 
research, no matter how numerous or Important they might be. In 
changing their attitude towards mathematics, mathematicians changed 
their attitudes toward all of mathematics—from the most elementary 
to the most recondite. Gradually—very gradually—this altered 
7 
perspective came to affect the way In which elementary mathematics 
was taught. It Is Important to have some understanding of these 
changes In mathematics If we are to understand the development 
of the "new math." Thus, we will begin with an examination of 
the changes In mathematics that ultimately Influenced the "new 
math." 
B. The Foundations of Geometry and the 
Reformation of Analysis 
Before its revolutionary restructuring in the nineteenth century, 
mathematics was divided into three main branches. These were algebra, 
geometry, and analysis (Ellenberg, 1969, p. 156). Analysis was by 
far the most important of these three branches (Macdonald, 1976, p. 35). 
Analysis Included the calculus, and the mathematics that had grown 
out of the calculus since its development in the seventeenth century. 
The growth of mathematics in the eighteenth century consisted largely 
of the development of analysis and its applications to physics 
(Struik, 1967, p. 117). During this entire period, there were 
continued debates about the logical foundations of the calculus 
and the validity of its application to the real world (Boyer, 
1939/1959, Ch. VI). In retrospect, one can see that a central 
issue in this debate was the relationship between purely mathematical 
ideas, such as number, and the partly physical ideas of geometry, 
such as length or area. In turn, debate over this issue goes 
back more than two millennia to the development of geometry in 
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ancient Greece. The Issues debated by the Greeks were not resolved 
by them, and lay dormant until the problems of the Greeks and the 
problems of the calculus were both solved In the nineteenth century. 
This resolution was a major event In the nineteenth century revolution 
in mathematics. 
In order to better understand this revolution, let us examine 
the problems the Greek geometers faced. In doing so, it should be made 
clear that mathematicians of the nineteenth century felt that 
they were investigating the foundations of the calculus, and not of 
geometry. It is only with hindsight that we are able to see that the 
solutions obtained applied to both calculus and geometry. We will begin 
our study with geometry for a number of reasons. First, the problem 
of geometry can be described to anyone, while the problems of the 
calculus can only be understood by someone with a knowledge of calculus. 
Second, geometry is more relevant to the present study than calculus, 
because geometry has been a part of the standard high school curriculum 
throughout this century, while calculus has not. Third, geometry 
underwent an additional revolution of its own, which we will need 
to discuss later. Finally, high school geometry before the "new 
math" was largely a watered-down version of the geometry of the 
ancient Greeks. Thus, we should know something of that geometry 
if we wish to understand how its role in the high school curriculum 
was altered by the "new math." 
The geometry of ancient Greece was developed during the fourth 
and fifth centuries B.C. (Neugebauer, 1969, p. 152). The results 
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of this work are preserved In the Elements of Euclid, dating from 
about 300 B.C. (Neugebauer, 1969, p. 145). The content of the 
Elements shows how the Greeks circumvented the problems they 
faced. No record of the discussion of those problems has survived, 
so even a statement of the problem must be partly a reconstruction 
from indirect evidence. 
We know that the early Greeks recognized only what we call the 
"natural numbers," i.e., 1, 2, 3, 4, .... In applying number to 
the physical world, we know that a measurement of length, for 
example, will not always give a natural number as a result. Instead, 
we might find some particular object to be 1.5 times as long as our 
unit of length—say 1.5 meters. The Greeks dealt with this situation 
by describing not the length of the object, but the ratio of its 
length to the length of the unit. Although we might describe this 
ratio as 1.5 to 1, the Greeks—recognizing only natural numbers— 
would describe it as 3 to 2. At first, they probably assumed that 
any two lengths could be compared by means of a ratio of natural 
numbers. Later they discovered that the ratio of the length of a 
diagonal of a square to the length of its side (i(CB) to 1(CD) in 
Fig. 1) could not be so expressed. Indeed, most contemporary 
non-mathematicians find this result surprising. (For a proof, see 
Courant and Robbins, 1941, pp. 58-60.) Since number, as number 
was conceived by the Greeks, was inadequate for dealing with this 
simple geometric situation, later Greek mathematicians did not 
develop geometry in terms of number (Boyer, 1939/1959, pp. 31-32). 
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A 
C 
Figure 1. Diagonal of a square 
Instead, they regarded the ratio of two line segments as an entity 
In Its own right, and one not capable of numerical expression 
(Boyer, 1939/1959, pp. 20, 30). This led to a separation of arith­
metic and geometry, and a subsequent emphasis on geometry. Algebra 
as a generalization of arithmetic was not significantly developed 
by the Greeks beyond what was already known to earlier peoples 
(Heath, 1931/1963, pp. 523-530), which was very little. The Greeks 
did use some techniques In geometry that today would be taught 
in algebra, but they never developed these techniques for themselves, 
outside of their applications In geometry (Ball, 1908/1960, pp. 
101-102). The problem the Greek mathematicians left behind them 
was the problem of reconciling geometry with arithmetic, or, to 
put It In modern terms, enlarging their number system so that every 
line segment has a length. It Is Important to note that there 
Is no evidence that the Greeks experienced this as an unsolved 
problem. They appear to have been satisfied with the separation 
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of number and geometry. It was later developments, especially 
the development of the calculus, that made this separation untenable. 
Besides geometry and its unsolved problems, the Greeks also 
left behind them a new conception of mathematics, wholly different 
from that of any earlier people. The earliest mathematics we 
know, that of ancient Babylon and Egypt, consisted of a large collection 
of rules for calculating. In contrast, the Greek mathematicians 
organized their mathematics deductively. This meant that certain 
propositions, called axioms or postulates, were assumed to be true, 
and then the other truths of mathematics were deduced logically 
from these. The Greeks were the first to provide mathematics with 
such a deductive structure (Heath, 1931/1963, p. 75). Euclid's 
Elements is the oldest complete Greek mathematical work that has 
come down to us. In it, this deductive structuring was already 
carried out to a high degree (Neugebauer, 1969, pp. 145-146). 
With the decline of Greek civilization came a decline in mathematics 
in the West. When algebra began to develop in Europe in the 
sixteenth century, it was not organized deductively (Neugebauer, 
1969, pp. 74, 90). A part of the nineteenth century revolution in 
mathematics was a return to the Greek ideal of deductive structure. 
(See Hardy, 1967, pp. 80-81 for a modern mathematician's view of 
the Greeks.) 
Neugebauer has suggested (1969, pp. 148-149) that this deductive 
method grew out of the problems the Greeks faced in relating 
arithmetic to geometry. Presumably, after having found themselves 
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in difficulty as a result of pursuing common sense methods, they 
felt the need to be very explicit about their assumptions and 
their reasoning. Whether or not this was true of the Greeks, 
we shall see that in later times the discovery of disconcerting 
facts in mathematics has often led to a renewed emphasis on a 
careful deductive methodology. In particular, attempts to clarify 
the foundations of calculus contributed to mathematician's return 
to the Greek ideal of deductive structure. 
A brief account of the links between Greek mathematics and 
the nineteenth century revolution in mathematics can be found in 
Strulk (1967). Computational arithmetic and algebra as we know 
It today were not developed until the fifteenth century (pp. 90-93). 
These techniques were not presented in the rigorous deductive manner 
characteristic of Greek geometry (pp. 100-101). Gradually, these 
algebraic techniques were applied to geometric problems, starting 
around 1637 with Rene Descartes (pp. 102-103). Descartes' work 
tacitly assumes that all line segments have a numerical length. 
The difficulties that the Greeks discovered were entailed by this 
assumption do not appear to have troubled Descartes or his immediate 
successors. 
Descartes' work was followed by the development of the calculus 
in the seventeenth century by Newton and Leibriz (Strulk, 1967, 
pp. 110-114). The calculus continued the uneasy marriage between 
geometry and number initiated In Descartes' analytic geometry. 
The first concern of the mathematicians of that age was not the 
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resolution of such theoretical difficulties. Instead, they directed 
most of their attention to the application of calculus to the 
physical world. This represented the main line of development of 
mathematics in the eighteenth century (p. 117). In the course of 
these applications, mathematics itself grew, as new techniques were 
constantly being devised to deal with problems suggested by the 
real world. The mathematical edifice thus erected on the calculus 
as its base is known as classical analysis. It includes such topics 
as calculus, advanced calculus, differential equations, Fourier 
series, and vector calculus—as those subjects are taught today to 
engineers and physical scientists. 
Like Descartes' analytic geometry, these fields were not developed 
in a careful deductive manner. Like the engineers who use classical 
analysis today, its developers were usually content if their results 
and techniques worked when applied to the physical world. Yet, as 
early as 1694 (Struik, 1967, p. 114), criticism of these methods 
began to be heard. The best known criticisms came from the philosopher 
Berkeley in 1734 (Boyer, 1939/1959, p. 224). Bishop Berkeley was 
actually more concerned with reforming mathematicians than reforming 
mathematics. He criticized the foundations of calculus in order to 
argue that anyone who could accept calculus ought not to have any 
difficulty accepting Christian theology. 
Whether Berkeley succeeded in saving any mathematicians' souls 
we do not know. We do know that his criticisms of contemporary 
mathematical reasoning stimulated mathamaticians to think about 
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such Issues (Boyer, 1939/1959, p. 228 ff), although not with much 
success. It was not until more than 100 years after Berkeley's 
initial attack that a solid foundation for the calculus was developed 
During this time, the practical importance of finding such a basis 
gradually increased. (See, for example, the "Historical Introduction 
in Carslaw, 1930/1949.) More and more problems arose that could 
not be handled by the calculus as then constituted. Finally, in 
the middle of the nineteenth century, a solution was found. 
In fact, the nineteenth century saw a number of solutions to 
the problem of putting the calculus on a solid basis. What was meant 
by a solid basis was a set of axioms, postulates, and definitions 
from which the results of the calculus could be logically deduced, 
just as Euclid had deduced the theorems of geometry from his axioms, 
postulates, and definitions. Although the eighteenth and nineteenth 
century mathematicians did not always follow Euclid's deductive 
methodology, they were certainly aware of it, and generally admired 
it. They were presumably also aware of the Greek split between 
geometry and number, and of the fact that failure to resolve this 
split undercut Descartes' analytic geometry. However, they 
regarded these as separate Issues, minor compared to the problem 
of finding a solid basis for calculus. In that light, it is 
interesting to note that one of the early successful attempts to 
find such a basis for the calculus resolved the problems of geometry 
as well. 
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Educators can find cause for pride in the figure of Richard 
Dedekind, for it was not his experiences as a mathematical researcher 
that led Dedekind to provide a basis for the calculus, but rather 
his experiences as a teacher. For it was while teaching calculus 
for the first time that Dedekind became especially concerned with 
providing a sound basis for the subject. He decided that he would 
search for such a basis until he found it, and he found it on 24 
November 1858 (Dedekind, 1901/1963, pp. 1-2). Dedekind attacked 
the problem by relating geometry to number. In particular, he 
defined a new type of number, today called a "real number." The 
real numbers include whole numbers and fractions and other things 
besides. Just what those other things are is a question too technical 
to detain us here. The Important thing is that every line segment 
has a length that can be expressed as a real number. Thus Dedekind 
resolved the problem left unresolved by Euclid and Descartes. 
Furthermore, Dedekind's real numbers provided a sound basis for the 
calculus, a basis which enabled mathematicians to resolve many of 
the problems that had cropped up in analysis since its foundations 
were first questioned. This basis consisted of a deductive structure 
in the spirit of the Greek mathematicians. In it, the properties 
of the natural numbers are assumed. The real numbers, and the 
basic principles of calculus are then built up deductively on this 
foundation. 
This rebuilding of calculus occupied many researchers during 
the nineteenth century. Alternative ways of accomplishing this 
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Cask were devised by Karl Welerstrass and Georg Cantor (Strulk, 
1967, pp. 160-161). In addition, Welerstrass did much to convince 
mathematicians of the Importance of such work. He did this especially 
by exhibiting samples showing that the methods and conceptions of 
his predecessors led to errors and contradictions (Boyer, 1939/1959, 
pp. 284-285; Kramer, 1970, Vol., II, p. 257) and that a more rigorous 
and precise methodology was needed. The work of Dedeklnd, Welerstrass, 
and others did much to change mathematicians' views about the nature 
of number, and about other mathematical concepts such as function, 
limit, and continuity. In this we see the first of the nineteenth 
century's mathematical revolutions—a "new" mathematics In which the 
content of the old mathematics Is largely retained, but looked at 
from a new perspective. 
Besides the direct effect of reforming analysis, the work of 
Dedeklnd and Welerstrass represented a great victory for the deductive 
method in mathematics. By the middle of the twentieth century, the 
deductive style of presentation had become the universal style of 
all publications aimed at presenting mathematics to mathematicians— 
present or future. The intuitive, practical approach of the eighteenth 
century was relegated to textbooks or books for nonmathematicians 
(such as engineers). Mathematicians began to pride themselves on the 
"rigor" of their work. A presentation of mathematics is rigorous 
to the extent that it is a deductive presentation, and to the 
extent that the deductive reasoning is careful and precise. Although 
some mathematicians, especially applied mathematicians, carried the 
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empirical spirit of eighteenth century mathematics into the twentieth, 
many others came to regard a rigorous deductive approach as an 
essential ingredient of modem mathematics (Kline, 1974, Ch. 4 & 5). 
C. The Development of Set Theory 
Besides reforming analysis, the main branch of mathematics at 
that time, and securing a major victory for the deductive method, 
the work of Weierstrass and Dedekind led to another development 
Important for the "new math": the development of set theory. Set 
theory had its origins in a branch of analysis : the study of Fourier 
series. At the moment, it doesn't matter too much what a Fourier 
series Is. It might be worth mentioning that such series arose 
in the study of heat conduction. Developed by Joseph Fourier 
starting around 1807, Fourier series were solidly in the tradition 
of eighteenth century mathematics. They represented a branch of 
analysis specifically developed in order to solve problems arising 
In the real world. Unfortunately, Fourier's methods did not meet 
even prerevolutionary standards of mathematical rigor, yet the 
apparent correctness and utility of his results led mathematicians 
to investigate his series more fully (Carslaw, 1930/1949, "Historical 
Introduction"). 
One of these mathematicians was Georg Cantor. Cantor considered 
general trigonometric series, of which Fourier series are a special 
type. For a given such series, it is meaningful to ask, for each 
real number, whether the series converges or not. Again, we need 
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not be too concerned with what It means to "converge." The Important 
thing is that, for a given real number, a series either converges 
or it does not. Series that converge for all real numbers are the 
nicest kind. One of the things that made Fourier series suspect 
was the fact that they converged for some real numbers but not for 
others. One of the things that made them useful was the fact that 
they often failed to converge for so few real numbers that, practically 
speaking, they might just as well converge for all real numbers. This 
led Cantor to study the set of all real numbers for which a given 
series falls to converge. 
Cantor made the surprising discovery that there might be infinitely 
many real numbers for which a series failed to converge, yet the 
series might still converge for all practical purposes (Jourdain, 
1915/1952, p. 25). This naturally led Cantor to the problem of 
comparing the sizes of different infinite sets. One infinite set 
Is the set of all real numbers. If a series failed to converge for 
every number in this set (i.e., failed for every real number), it 
would not be useful for the purpose of Fourier analysis. By way of 
comparison, consider a series that failed to converge for infinitely 
many different real numbers, but not all real numbers. Suppose also 
that it converged for enough real numbers to be useful. One might 
then ask if the infinite set of real numbers for which this second 
series failed to converge was somehow "smaller" than the set of 
all real numbers. Before Cantor's research, most mathematicians, 
like most non-mathematicians today, were inclined to regard all 
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infinite sets as being of the same size. Cantor proved in 1873 
that this is not so (Jourdain, 1915/1952, p. 38), and in this 
research founded set theory. 
At the time of its development. Cantor's set theory was on 
the fringes of advanced mathematical thought. It was Gottlob Frege 
vAio turned set theory in a direction that ultimately influenced the 
teaching of arithmetic. In the 1880s and 1890s, Frege tried to show 
how the idea of natural number could be based on the idea of set 
(Mates, 1965, pp. 217-219). Since Dedekind had based all of 
analysis on real numbers, and his real numbers were in turn based 
on the natural numbers accepted by the Greeks, Frege*8 claim to 
base natural numbers on the set concept made that concept the most 
fundamental idea in mathematics. Bertrand Russell continued Frege's 
work, but Russell and Ernst Zermelo independently discovered a flaw 
in set theory as used by Frege (Fraenkel et al., 1973, p. 5). Both 
devised means of correcting this, but Zermelo's is probably closest 
to Cantor's original work, most nearly related to the set language 
of the "new math," and the most widely used among mathematicians 
today. This system, called Zermelo-Fraenkel set theory, or Just ZF, 
is described in Chapter II of Fraenkel et al. (1973). Using 
elementary logic and the axioms of ZF concerning sets, it is possible 
to define all of the types of numbers in current use, and prove 
their various properties. Furthermore, from this basis, it is 
then possible to prove all the results of calculus, analysis, and 
analytic geometry. In the end, then, we find the problems in 
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20 
geometry discovered by the ancient Greeks, the problems in calculus 
discussed from the days of Newton to the days of Dedekind, and 
the problems in set theory discovered by Russell, all resolved in 
a single deductive structure. It was this new integration of the 
mathematics of the preceding 2500 years that served as one impetus 
to the development of the "new math." 
D. Non-Euclidean Geometry 
We have seen that in providing a new foundation for analysis, 
Dedekind had also solved an ancient problem of geometry, or more 
precisely, the relationship between geometry and number. The nineteenth 
century saw two further developments in geometry that were to influence 
the "new math." One of these was a result of the renewed emphasis on 
deductive systems. The other changed mathematicians' views of the 
nature of deductive systems. 
As nineteenth century mathematicians became more concerned with 
deductive structure, they became more careful in choosing axioms and 
formulating definitions. They became more critical of their own 
proofs. The customary level of rigor rose considerably. It is 
important to realize that rigor is a matter of degree, and that the 
customary level of rigor has changed with time and circumstances. 
The level customary in the eighteenth century was below the level in 
Euclid. The level found in Fourier was below that of his contemporaries. 
The level found in Ueierstrass was above that of most of his con­
temporaries. As the customary level of rigor rose in the nineteenth 
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century, It eventually surpassed the level found In Euclid (Meder, 
1958b). Once this had happened, It was Inevitable that mathematicians 
would attempt to correct or reform Euclid's presentation of geometry, 
and bring It up to modem standards of rigor. 
The best known attempt to repair Euclid appeared In a book 
published In 1899 by the German mathematician David Hllbert (Boyer, 
1968, pp. 657-658). While Hllbert's work was widely respected by 
mathematicians, his modernized Euclid was a very complex structure. 
When mathematicians turned their attention to the high school 
curriculum In the 1950s, geometry presented them with a real 
problem because of this. The level of rigor In high school geometry 
was quite low—lower than In Euclid, In fact. The problem was how 
to move that level closer to modern standards. Hllbert's solution 
seemed far too complex to teach to high school students. As a 
result, the nineteenth century bequeathed to the twentieth some 
unresolved questions as to how geometry ought to be presented In 
the schools. 
The final development In geometry that concerns us Is the 
development of "non-Euclldean" geometries. Euclidean geometry, of 
course. Is the geometry that has come down to us from the ancient 
Greeks. The traditional high school geometry course Is a study of 
parts of Euclid's work which have been adapted for teaching to 
high school students. In the centuries since Euclid's time, his 
work has been extended as new results have been discovered. Throughout 
this process. It was generally believed that Euclidean geometry was 
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"true." By this was meant that the axioms of Euclid were regarded 
as self-evident truths about the real world, and the results of 
Euclidean geometry were regarded as accurate descriptions of that 
world (Boyer, 1968, p. 586). 
Non-Euclldean geometry starts from axioms other than those of 
Euclid. These axioms are not simply different, but flatly contradict 
the axioms of Euclid. Thus, If Euclidean geometry Is true, non-
Euclldean geometry Is false. On the other hand. If non-Euclldean 
geometry Is true, Euclidean geometry Is false, and there Is reason 
to believe that non-Euclldean geometry Is In fact true. For our 
purposes. It Is not very Important which kind of geometry Is true. 
What Is Important for us Is the debate that non-Euclldean geometry 
engendered over the nature of truth In mathematics, and the relation­
ship between mathematics and the real world. 
The research that led to non-Euclldean geometry centered around 
one of Euclid's axioms or assumptions—the one usually called the 
"fifth postulate." This postulate was controversial even In ancient 
times (Coolldge, 1940, p. 68), and the controversy continued into the 
nineteenth century (Struik, 1967, p. 166). Initially, mathematicians 
did not question the truth of this postulate. Instead they questioned 
its necessity. It seemed to many of them that it ought to be possible 
to prove the fifth postulate using only the other axioms or postulates. 
This was attempted over and over again, without success. These 
repeated failures led mathematicians to begin to wonder if the 
postulate were in fact true. 
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The reason for not yet explaining what Euclid's fifth 
postulate says Is that the postulate actually used by Euclid 
is rather complicated and not entirely obvious. This no doubt 
is one reason why mathematicians felt that it did not belong on a 
list of self-evident truths, and should Instead be proved on the 
basis of such truths. Fortunately, one of the outcomes of the study 
of Euclid's fifth postulate was the discovery of many equivalent 
assumptions. Some of these are much easier to explain than others. 
Rather than base this discussion on the rather cumbersome assumption 
Euclid originally made, we will use a simpler, equivalent assumption 
frequently used in high school geometry texts. The assumption is 
that, given a line I (See Fig. 2) and a point P not on i, there is 
exactly one line passing through P that is parallel to I (i.e., this 
line never crosses i). 
•P 
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Figure 2. Euclid's fifth postulate 
By 1830, C. F. Gauss in Germany, J. Bolyai in Hungary, and N. I. 
Lobachevskl in Russia had independently decided to Investigate the 
possibility that more than one line might be drawn through P and 
parallel to I (Eves, 1963, pp. 334-335). They found that they 
could build a theory of geometry based on assuming this possibility: 
the first non-Euclidean geometry. Since Euclidean geometry was not 
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the only kind of geometry that it was possible to develop, Bolyai 
concluded that only in the areas where the two geometries agreed 
could we be sure that they were true (Bonola, 1955, p. 102). In 
particular, it was now an open question whether Euclid's fifth 
postulate was true. Euclidean geometry, or more precisely, belief 
in its truth, was dealt a final blow in 1854. At that time, B. 
Riemann gave a lecture in which he discussed a variety of non-Euclidean 
geometries, including one in which Euclid's fifth postulate is 
replaced by the assumption that no line could be drawn through P 
and parallel to I (Boyer, 1968, p. 589). 
In the years that followed, non-Euclidean geometry became a 
minor but accepted branch of mathematics (Somnerville, 1958, p. v). 
However, it is not its subsequent development that is important to 
us, but the impact that its initial discovery had on mathematicians' 
views of the nature of mathematics and its relationship to the physical 
world. Before discussing this impact, let us examine one last 
revolution in mathematics during the nineteenth century. 
E. Modern Abstract Algebra 
The final nineteenth century revolution in mathematics that 
concerns us is the revolution that took place in algebra. Classical 
algebra grew out of arithmetic. What distinguished algebra from 
arithmetic was the use of variables in algebra. Variables were 
used for two main purposes. First, variables may be used to state 
g e n e r a l  l a w s .  W h i l e  i n  a r i t h m e t i c ,  w e  c a n  n o t i c e  t h a t  4 + 3 - 3 + 4 ,  
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5 + 7 - 7 + 5 ,  e t c . ,  v a r i a b l e s  e n a b l e  u s  t o  s t a t e  a  g e n e r a l  l a w :  
Commutative Law of Addition 
For any numbers a and b, a + b " b + a 
In addition to being useful for stating general truths, variables 
are also useful in stating and solving problems. If we wish to put 
two curtains In a window that Is 8 feet wide so that the curtains 
are 3 feet wider than the window, then we may use w to stand for 
the width of one curtain and say 2w - 3 - 8. This equation could 
then be solved to yield w * 5.5 feet. Classical algebra was primarily 
concerned with equation solving. The variables In classical algebra 
normally represented numbers. 
An early step in the development of "modern" algebra was the 
consideration of equations In which the letters signified something 
other than numbers. For examples, Blrkhoff (1973, pp. 762-763) mentions 
permutations considered by Lagrange in 1770, residue classes ("clock 
arithmetic") and Gaussian integers studied by Legendre and Gauss 
around 1801, quaternions Invented by Hamilton in 1843, vectors 
discussed by H. Grassman the following year, and matrices Introduced 
by Cay ley In 1858. Boole in 1854 developed an algebra In which the 
letters stood for sets of things (Lewis, 1918/1960, pp. 51-56), and 
from this evolved the study of unions and intersections of sets 
that later became a part of many "new math" curricula. Union and 
intersection are operations on (roughly speaking, ways of combining) 
sets, just as addition and multiplication are operations on numbers. 
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The consideration of operations on things other than numbers 
set the stage for the development of "modern" or "abstract" algebra. 
Modern algebra represents the next step up in abstraction from 
classical algebra. In classical algebra, when studying a + b, a and 
b represented numbers, and + meant ordinary addition. In abstract 
algebra, the letters might stand for numbers, sets, permutations— 
anything! Furthermore, a new symbol, such as *, might be introduced 
to represent any operation. Just as classical algebra had Introduced 
letters to represent any number. One might then study the set of 
all operations that satisfied the associative law a*(b*c) - (a*b)*c. 
Ordinary addition and multiplication would be just two members of 
this set. The operations ordinarily performed on the other mathematical 
objects mentioned above (permutations, sets, etc.) would also be 
members of this set. In contrast, some of the principal operations 
performed on quaternions and matrices are not among the operations 
obeying the commutative law a*b • b*a. 
An early description of algebra in these terms was given by D. F. 
Gregory in 1838 (Gregory, 1840, pp. 208-209). A brief and elementary 
description of this new sort of algebra, suitable for the general 
reader, is given by Eilenberg (1969). It was this new view of algebra 
that contributed another meaning to one of the catchwords of the 
"new math": "structure" (Macdonald, 1976, p. 34). Rather than study 
individual facts about numbers and addition, such as 1 + 1 * 2, modern 
algebra studied the set of all numbers and the operations on those 
numbers. The emphasis was on the structure or form that those operations 
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and their properties (such as the associative and commutative 
laws) gave to the set of numbers. 
This new algebra was organized into a deductive system in the 
period 1870-1910 (Birkhoff, 1973, pp. 763-764). By 1914, most of 
the modern algebra studied today by non-specialists had been worked 
out. 
F. The Spread of Modern Mathematics 
Although modern mathematics was developed in the nineteenth 
century, it only gradually became the common background of most 
mathematicians. Generally, the first step was the availability 
of specialized articles describing the new developments. These 
reached specialists in the area in which the new results were 
being obtained. Later, treatises would appear, presenting an 
entire field of study as it had been Influenced by recent develop­
ments. These might be read by practicing mathematicians and 
students preparing to specialize In the field in question. 
Finally, textbooks appeared providing a general background for 
most future mathematicians. 
Let us examine this process In the mathematicial fields we 
have already discussed. Birkhoff (1973, pp. 771-772) credits 
van der Waerden with presenting modern algebra to mathematicians 
not specializing in algebra. This presentation took the form 
of a book. Moderne Algebra. Although the book was published in 
1930-1931, the earliest English translation this author found 
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dated from 1949-1950. By then there were other English language 
treatments. One early one was HacDuffee's Introduction to Abstract 
Algebra (1940/1966). This book assumed as a prerequisite a course 
in the theory of equations. Such courses have long since disappeared 
from the college curriculum. Theory of equations courses were an 
extension of what is now called college algebra, carried out from 
an "old math" point of view. To the extent this material is taught 
today, it has been refurbished in modern style, and included in 
courses in modern abstract algebra. 
An early text that assimilated such older algebra courses 
was Birkhoff and MacLane's A Survey of Modern Algebra (1941). 
Although Intended for advanced undergraduate or first year graduate 
students, this book assumed only high school algebra as a prerequisite 
(pp. vi-vii). Eves has described it as the first adequate undergraduate 
textbook on modern algebra in the English language (1963, pp. vii-
viii). While it is not clear what Eves had against MacDuffee, it 
is the case that A Survey of Modern Algebra became the classic text 
in its field, with later editions appearing in 1953 and 1965, and 
showing negligible change in content. During that period, abstract 
algebra became a standard part of the undergraduate curriculum 
for mathematics majors. The number of relevant texts mushroomed 
in the 1960s, with three or four available at the beginning of 
the decade, and twenty available by 1968 (McCoy, 1968, p. vii). 
We will see later that the first high school "new math" program 
began in 1951. Considering the lag between the development and 
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consolidation of modern algebra prior to 1914, and its availability 
to colleges in the 1940s, its impact on the high schools starting 
in the 1950s came relatively soon. 
Although modern algebra had an important effect on the "new 
math," most mathematicians still regarded analysis as the main branch 
of mathematics (Birkhoff, 1973, p. 768). As a result, the spread of 
the new developments in analysis probably had a larger impact on 
mathematicians in general than the spread of modern algebra. In 
both cases, however, the spread was slow. 
Dedekind's work of 1858 was not published until the 1870s 
(Dedekind, 1901/1963, p. 3), and was not published in English 
translation until 1901. Weierstrass himself published very little. 
He presented his work in lectures at the University of Berlin. 
News of his results spread among mathematicians by word of mouth 
(Struik, 1967, p. 158). Cantor was known mainly for his development 
of the more advanced parts of set theory in connection with problems 
In analysis (Struik, 1967, p. 161). It was not until after Frege 
that set theory began to separate from analysis, and be thought 
of as basic to all of mathematics. 
An important English-language work from the era when analysis 
and set theory were still united was Hobson's The Theory of Functions 
of a Real Variable and the Theory of Fourier's Series (1907). 
Hobson started from the definitions of real number offered by 
Dedekind and Cantor, and the theory of sets developed by Cantor 
in his study of Fourier series. On this basis, he built up the 
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fundamentals of calculus and analysis. Finally, he applied all 
of this to the theory of Fourier series. Thus, Hobson's work 
served to sum up and transmit to the twentieth century many of the 
developments of nineteenth century analysis. Hob son himself was 
not a leading figure in the developments he sought to describe. 
Hobson's own background was in analysis of the eighteenth century 
variety. In his own researches into Fourier series, he found 
himself forced to study the work of Cantor and Dedekind, and its 
implications for analysis. Hobson's treatise was the result of 
this study. It attempted to present this "new math" to a wider 
audience (Hobson, 1907, p. vi). In one unfortunate respect, 
Hobson's attempt foreshadowed later attempts to promulgate "new 
math." Since Hobson himself had an "old math mind," to borrow 
a phrase from "Peanuts," his attempt to explain the "new math" 
contained many errors and mistakes (Sawyer, 1961, p. 112). 
Other treatments of analysis based on a modern definition of 
real number began to appear at about the same time. Two interesting 
examples are Carslaw's Introduction to the Theory of Fourier's 
Series and Integrals and the Mathematical Theory of the Conduction 
of Heat (1906) and Bromwich's Introduction to the Theory of Infinite 
Series (1908). Although devoted to specialized topics in analysis, 
both authors felt it necessary to present Dedekind*s development 
of the real number concept. Indeed, Carslaw devoted over 100 
pages to Dedekind's ideas and to the fundamental Ideas of calculus 
before taking up Fourier series proper. Neither author seemed to 
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feel his readers would be at all familiar with these matters, 
giving weight to the idea that treatment of these matters in English 
was Just beginning to appear. 
All of the English-language works discussed so far, except 
the English translation of Dedekind's work, were published in 
England, and written by English mathematicians. An American 
mathematician, James Pierpont of Yale, had published in the United 
States a two volume treatise The Theory of Functions of Real 
Variables. The first volume appeared in 1905 and the second in 
1912. Besides being American, Pierpont's work is noteworthy in 
being the most complete and most modern of the books discussed 
so far. It covered nearly everything covered by the other books 
and a great deal more, and in a manner more similar to contemporary 
treatments than to the English works already mentioned. It appears 
that Pierpont's work was much less influential than that of Carslaw 
and Hobson. In the mathematical literature, Carslaw and Hobson seem 
quite well-known, while Pierpont is rarely mentioned. 
Before leaving these earliest English-language works on modern 
analysis, we might examine one sort of evidence for their earliness. 
This is the fact that when these writers expressed a debt to 
earlier writers, those earlier writers rarely wrote in English. 
See, for example, Hobson (1907), pp. viii-ix, Carslaw (1906), pp. vii-
viii, and Pierpont (1905), p. v. With the possible exception of 
some unnamed papers by Osgood (he wrote in more than one language) 
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cited by Carslaw, the works mentioned by these authors are in 
French or German. 
The earliest English-language treatises on post-Dedekind 
analysis were soon followed by texts suitable for wider use. 
Two that are worth mentioning are Hardy's A Course of Pure Mathematics 
(1908, English) and Wilson's Advanced Calculus (1912/1958, American). 
While both were hesitant, for pedagogical rasons, to adopt entirely 
the new viewpoint (Hardy, p. v; Wilson, p. iv), both were clearly 
influenced by Dedeklnd (Hardy, Ch. 1; Wilson, pp. 33-34). One still 
sees Wilson's book mentioned occasionally, while Hardy's is still in 
print—in its tenth edition! 
In subsequent years, analysis rigorously based on a modern 
definition of real number became a part of the undergraduate training 
of nearly all young mathematicians. Indeed, in later editions 
(starting with the 2nd in 1914), Hardy abandoned his pedagogical 
reservations and presented Dedeklnd's theory of real numbers (see, 
e.g.. Hardy, 1952, Ch. 1), and developed analysis rigorously from 
that. His rigor was of the highest quality, too. A mathematical 
logician (Rosser, 1953, pp. 519-520) discussing the problem of 
developing analysis with the highest degree of rigor attainable in 
the mid-twentieth century recommended Hardy as a guide. 
We see then that the changes in analysis that took place 
in the nineteenth century were readily accessible to English-reading 
mathematicians and future mathematicians before World War I. In 
subsequent years, this material became a part of the curriculum 
33 
for mathematics majors, but not usually for others. In the 1960s, 
a very popular text was Rudln (1964), commonly studied by under­
graduate mathematics majors In their third year. Rudln's text 
contains a great deal more than Hardy's. In fact, most of the 
content of Plerpont's treatise Is covered. While mathematics 
majors might study Rudln, or something like it, most non-mathematicians 
would take other mathematics courses. If they were in engineering 
or the physical sciences, they would probably study calculus and 
applied analysis. These courses have generally retained the spirit 
of the eighteenth century up until the present day, despite the 
presence of a few texts such as Smith (1969) that have attempted 
to bring some of the more modern content and set ideas to freshman 
calculus courses. It appears that this never really became 
common. Such texts certainly were not used at M.I.T. during 1962-
1972, not at the University of Connecticut, 19/2-1975, nor at Iowa 
State University, 1975-1979, to speak from this author's experience. 
Since sets reached the first grade in the late 1950s (Suppes 
and McKnight, 1961), it may seem odd that modern analysis only 
diffused as far downward as the third year courses for mathematics 
majors. What happened in the colleges is that when new courses 
were added, they tended to reflect modern developments in mathematics. 
The traditional courses, such as calculus, however, tended to 
remain traditional. In the 1950s and 1960s, major national 
efforts were made to modernize the school mathematics curriculum, 
and to retrain teachers to teach the new curriculum. Efforts on a 
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similar scale were never made at the college levels. As a result, 
many college courses (such as calculus, college algebra, and 
trigonometry), and many college teachers (especially at colleges 
not preparing students for graduate work in mathematics) remained 
faithful to the "old math." Modern mathematics was only occasionally 
brought to students who would not become mathematicians, and was 
brought to them by only a minority of college teachers. 
Set theory and non-Euclidean geometry had very little Impact 
on the mathematics curriculum for students who were not mathematics 
majors. Indeed, it took some time for non-Euclidean geometry to 
become well-known to mathematicians (Sommerville, 1958, p. 24). 
There were a variety of reasons for this. 
Bolyai and Lobachevski were not well-known mathematicians, 
and Lobachevski's work was originally written in Russian (Bonola, 
1955, p. 121). Their work was not well-known until French transla­
tions appeared after 1867 (Sommerville, 1958, p. 24). Gauss never 
published his results at all (Sommerville, 1958, p. 14), and 
Rlemann's lecture was not published until 1867 (Boyer, 1968, p. 589). 
However, once these works became available, interest grew, and by 
1914 non-Euclidean geometry had become a well-recognized branch 
of mathematics (Sommerville, 1958, p. v). In subsequent years, 
non-Euclidean geometry remained a small and not very active branch 
of mathematics. Its main contribution to the "new math" was the 
Impact it had on mathematicians' conception of the nature of 
mathematics, a topic we will discuss shortly. 
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The content of set theory was much more widely studied than 
non-Euclldean geometry. Although Frege's work remained untranslated 
until the 1950s (Furth, 1964, pp. Ivlll-llx), Russell presented 
similar Ideas In English In his Principles of Mathematics (1903/1964). 
This work contains a development of arithmetic from set ideas and a 
discussion of the definitions of real number offered by Dedekind, 
Welerstrass and Cantor. Russell's book contained enough technical 
mathematics to keep it inaccessible to the general reader. Despite 
such technicalities, it seems that the mathematical content of 
Russell's book was subordinate to its philosophical content. 
Chapter titles such as "Matter," "Causality," "Kant's Theory of 
Space," "The Philosophy of the Infinite," and "Proper Names, Adjectives, 
and Verbs," make it clear that Russell's work was not normal reading 
material for mathematicians either. (See also Young and Young, 1906, 
p. Ix). The first mathematical text on sets was the Youngs' The 
Theory of Sets of Points (1906, pp. vii-viil). The Youngs described 
their work as "the first attempt at a systemated exposition of the 
subject as a whole" (p. ix). 
Since the Youngs' time, set theory has grown in two directions. 
First, it has found uses in many branches of mathematics. As a 
result of this, some of the concepts and results of set theory have 
become a standard part of other fields of mathematics, and found 
their way into textbooks. For example, one can mention Rudin (1964, 
Ch. 2) In analysis and Blrkhoff and MacLane (1965, Ch. XII) In 
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modem algebra. These are classic texts whose contents would be 
studied by most undergraduate mathematics majors. 
At the same time, set theory has become a small branch of 
mathematics, pursuing problems of its own. Despite the relatively 
small number of mathematicians working on such problems, the general 
results have become fairly widely known among mathematicians. This 
has happened because work In set theory has often bordered on 
philosophy, and generated widespread discussion concerning the nature 
of mathematics (Fraenkel et al., 1973, Ch. 1). These discussions, 
like many other developments in modern matheuwtics, have influenced 
mathematicians' view of mathematics, and this changed view indirectly 
affected the "new math." 
G. The Impact of Modern Mathematics 
The development of modern mathematics was to have two effects 
on the "new math" programs. First, some of the newly developed 
content and organization was to appear in these programs. Second, 
changes in mathematicians ' attitudes toward mathematics had an 
indirect but powerful effect as well. 
Changes in content and organization came especially from modern 
algebra and set theory. The new importance that modern algebra 
placed upon principles such as the commutative and associative laws 
led to the explicit study of these laws in "new math" algebra 
and arithmetic (NCTM, 1970, p. 137). This shift in emphasis from 
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specific facts toward general principles made the "new math" more 
abstract than the old. 
Set theory had such a great impact on the content of "new math" 
programs that the study of sets became almost synonymous with "new 
math." It should be noted that neither abstract algebra itself, 
nor the theory of sets, ever made up a large part of the "new math" 
curricula. Instead it was simply an emphasis on principles of broad 
importance (e.g., the commutative law) and the language of sets that 
became a part of the "new math" programs. Mathematicians had 
concluded that sets and the general principles of algebra were 
fundamental. These general principles apply to arithmetic, and 
can be easily stated in that context. Set ideas are implicit in 
simple counting. We count not individual things, but sets of things. 
Thus, it seemed practical to present these newly important ideas 
to children as a part of arithmetic. 
In contrast to modern algebra and set theory, the importance 
to us of modern analysis lies not In Its effect on the K-14 
curriculum (which was negligible), but rather in its effect upon 
mathematicians. Since analysis was the main branch of mathematics 
In the nineteenth century, the revolution in analysis affected most 
mathematicians quite directly as they became aware of it. Hobson's 
rethinking of the mathematics he already knew is a classic case 
In point (Hobson, 1907, p. vl). Subsequently, the new ideas about 
analysis gradually came to affect the new generation of mathematicians 
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as they were trained with books like Hardy or Rudln. This new 
generation of mathematicians ultimately affected the "new math." 
One of the effects of the revolution In analysis was a much 
greater concern among mathematicians with Issues of logic and rigor. 
This came In part from the Increased use of the deductive method. 
We have already noted that calculus was developed and applied 
(e.g., by Fourier) with little regard for the deductive organization 
used by Euclid In geometry. After the revolution In analysis, 
Euclid's deductive style returned. It was used thoroughly and 
explicitly by Plerpont (1905, p. Iv), for example. 
Besides Increasing the quantity of deductive methodology 
used, the revolution in analysis also Increased its quality. The 
criticisms from Weierstrass of the reasoning of earlier mathematicians 
led mathematicians to be more careful when they did use the 
deductive method. Plerpont (1905, p. iv), for example, adopted 
the policy of peppering his own treatise with examples of faulty 
reasoning drawn from the texts of his contemporaries. 
This increased emphasis on the deductive organization of 
mathematics influenced some of the "new math" programs. Mathematicians 
had long complained that mathematical textbooks gave the impression 
that mathematics was a disconnected set of results and techniques. 
Hardy (1908, p. vli), for example, complained of this with regard 
to the usual textbook treatments of methods of antldlfferentlatlon— 
a standard topic In beginning calculus. When later writers began 
to spread the ideas of the "new math," they too tried to combat 
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the Idea that mathematics was a disorganized collection of techniques 
and results. With most of their weapons In this battle there was 
associated the word "structure." Although "structure" always 
referred to a solution to the problem of disorganization, there 
were many different solutions. As a result, the word became 
ambiguous. One meaning of "structure," and one solution to the 
problem, was the structure given to mathematics by Its organization 
into a deductive system. A few—and only a few—the Ball State 
program Is probably the best example (Brumflel et al., 1960)— 
"new math" texts adopted this organization, and of course Euclidean 
geometry had traditionally been taught this way. Less extreme effects 
were more common. There were efforts to provide deductive proofs for 
some results in algebra, for example. Traditionally, proofs were 
rarely if ever given in algebra. These efforts usually fell far 
short of a completely deductive organization. 
An increased emphasis on deduction was not the only way in 
which events in the nineteenth century influenced mathematicians' 
attitudes towards logic. In addition to becoming much more aware 
of their own reasoning, mathematicians began the mathematical 
study of logic itself. Actually, this study was begun by Aristotle, 
a Greek thinker who lived before Euclid. Aristotle founded the 
science of logic (Mates, 1965, p. 196), and organized some of his 
contributions to the subject into a deductive system, the earliest 
deductive system known to us (Mates, 1965, p. 200). Mathematicians 
may be interested to know that he was also the first to use letters 
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as variables (Mates, 1965, p. 198), nearly two-thousand years before 
they were Introduced into algebra (Strulk, 1967, p. 94). Because 
Aristotle was (and still Is) primarily known as a philosopher, and 
because until recently logic was not thought to be a part of mathematics 
(nor vice-versa), Aristotle's contributions have always been little-
known among mathematicians. 
Lewis (1918/1960, p. 51), who doesn't even mention Aristotle, 
credits the beginnings of mathematical logic to Boole. Boole's work 
appeared In the years 1847-1854. This was followed by a quarter 
century of evolutionary development, climaxed by Frege's Begrlffsschrlft 
of 1879 (Lewis, 1918/1960, p. 114). It was Frege, you will remember, 
who wanted to base arithmetic on the theory of sets. As a part of 
this research, he developed modem mathematical logic (Mates, 1965, 
p. 217). The outcome of Frege's work has been a whole new branch of 
mathematics, in which logic is studied mathematically. One minor 
result of this that affected the content of "new math" programs 
was the distinction between an object and its name (See, e.g.. Mates, 
1965, pp. 19-20). 
Although known to ancient Greek logicians (Mates, 1965, 
p. 203) and Lewis Carroll (Gardner, 1974, p. 306), this distinction 
has been especially associated with Frege (See, e.g.. Mates, 
1965, p. 219; Curry, 1963, p. 82) in recent times. This is 
probably because this distinction is fundamental to the kind of 
logical studies first undertaken by Frege, in which the use of 
symbols is studied independently of their meaning. The particular 
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form In which this general distinction appeared as part of the 
"new math" was in the distinction between a number and a numeral. 
A numeral is a symbol of a number. For example, "3" and "111" are 
two different numerals for the same number. Just as two numerals 
for the same number were used to explain this distinction here, many 
"new math" programs brought out the same distinction by Including 
study of a variety of different systems of numeration, such as 
Roman, Egyptian, or Babylonian numerals. 
Much of the early research in logic and set theory was 
directed at clarifying the foundations and basic concepts of mathematics. 
It was only natural that the fruits of this labor should be applied 
to clarifying the presentation of mathematics to children. Indeed, 
it was an attempt to do exactly this that distinguished the first 
"new math" program from other reform efforts in mathematics education 
(Bldwell and Clason, 1970, p. 660). 
The discovery of non-Euclidean geometry had a somewhat different 
effect on mathematicians' views of the nature of their subject. 
Whereas the foundational studies generated by the creation of 
modern analysis concerned themselves primarily with the Internal 
logical relationships between parts of mathematics, the discovery 
of non-Euclidean geometry raised questions about the relationship 
between mathematics and the physical world. 
To understand how this came about, it is necessary to understand 
something of the Intellectual climate of the times. Prior to the 
development of non-Euclidean geometry, mathematicians, and people 
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in general, regarded Euclidean geometry as being necessarily true 
(Kline, 1953, p. 428). Indeed, this is the position of most non-
mathematicians today. Perhaps the first shock of non-Euclidean 
geometry was that it was even possible to have a logically consistent 
geometry that differed from Euclid's. Although this result might 
be surprising, one could still cling to a faith in Euclid despite 
it. Further analysis, however, revealed that such faith had little 
but tradition to justify it. 
To begin with, the axioms of Euclid are not even true in the 
physical situation from which they arose—measurements of the earth's 
surface. The earth, of course, is a sphere, and its surface is 
not the plane discussed in Euclid. Indeed, physical planes do not 
exist. Even if we imagine a theoretical plane extending throughout 
space, it is hard to say whether Euclid's fifth postulate is true. 
The postulate concerns a point and a straight line extending infinitely 
in both directions. To begin with, we do not even know if that is 
physically possible. We do not know whether the universe is 
infinite. The postulate goes on to make an assertion about another 
(perhaps Impossible) infinite straight line: that there is exactly 
one such line parallel to (i.e., never crossing) the original 
line. One of Riemann's geometries (Kline, 1953, p. 423) assumed 
that there are no parallel lines, that all lines cross eventually, 
if you follow them far enough. Of course, at a time when men had 
not yet begun to travel off the surface of the earth, there was no 
way to empirically verify Riemann's assumption—or Euclid's. 
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Gauss himself attempted such verification using measurements 
on the surface of the earth (Kline, 1953, p. 418). The results 
simply showed that if two apparently parallel lines ^  meet eventually, 
they must do so very far away. More significant, however, than the 
outcome of the experiment was the fact that geometry had become an 
empirical science. Its results were no longer considered necessarily 
true, but rather subject to experimental verification. While this 
probably was enough to convince mathematicians, for others the final 
blow to Euclidean geometry may have come in the twentieth century, 
with modern physical theories, such as Einstein's general theory 
of relativity, that assume that space is not Euclidean (Eves, 1963, 
p. 369). 
The existence of a variety of geometries presented mathematicians 
with a novel situation. Previously, new mathematics usually 
came from trying to find mathematical solutions to problems arising 
In the physical world. The mathematics so created was thought of 
as being a description of that world. With a variety of geometries 
available, not all of which could be correct descriptions of the 
space we live In, it became quite clear that mathematics was a 
pure product of the human Intellect, and not a reflection of external 
reality. Although geometry may have arisen from attempts to describe 
the physical world, the deductive system of Euclid might be only 
an approximate model of that world. Other models were possible as 
well, and It was not at all self-evident which (if any) models 
were true. 
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Nor was it evident which axioms were true. Instead, it 
appeared that mathematicians could begin with any assumptions they 
wished (Kline, 1953, p. 431). Indeed, mathematicians began to 
shift their emphasis from truth to logical consistency. It became 
respectable to pursue the logical consequences of axioms whose 
truthfulness or application to the real world was quite unknown. 
Since reality was no longer operative as a check on one's conclusions, 
the movement of mathematics in this direction was one more force 
pushing in the direction of greater emphasis on rigor and deductive 
structure. If one's assumptions might not be true, then truth 
was no longer a guide to the validity of one's reasoning. 
On the positive side, the deductive method now became a tool 
for finding new and unsuspected results, rather than being merely 
a way to check and organize mathematical "facts" (Wilder, 1969, 
pp. 463-465). This liberation of mathematics from the physical 
world joined with the development of modem algebra in making mathe­
matics increasingly abstract. 
As mathematics began to be developed for its own sake, there 
arose an ever growing group of mathematicians whose work was carried 
out entirely independently of any possible physical application. 
What this contributed to the "new math" was a feeling that mathematics 
was a valuable study in and of itself, Independent of its uses. 
We will see later that the "new math" developed at the end of an 
era in which school mathematics was often strongly tied to the 
concrete uses of mathematics in daily life. To mathematicians of 
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the twentieth century, an emphasis on the general principle* of 
mathematics Itself seemed much more appropriate, and truer to 
the nature of mathematics as they knew it. 
Again, it must be pointed out that many mathematicians, 
especially applied mathematicians, continued to work in the 
spirit of the eighteenth century. Indeed, some of these mathematicians 
feared that mathematics would squander its new-found freedom by 
degenerating into a useless game played with meaningless symbols 
(Wilder, 1%9, p. 463). In fact, what has happened over and over 
again. Is that a branch of mathematics created with no physical 
use in mind has suggested solutions to real problems whose solution 
might never have been found had the mathematics not already been 
there to suggest it. Thus, one could argue that even by the 
criterion of utility, modern mathematics is more valuable than its 
predecessors. Whatever may be the truth of this claim, it is true 
that the mathematicians most influential in the "new math" movement 
were mathematicians Imbued with the spirit of twentieth century 
mathematics. 
H. Conclusion 
In discussing changes in mathematics since 1800, we have 
concentrated on the impact of t;hese changes on mathematicians 
themselves, and on the college curriculum. Little has been said 
about the Impact of these changes on the school curriculum, and 
the reason is that prior to the "new math," these changes had 
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very little Impact on the curriculum of the schools. In 1954, 
Saunders MacLane, one of the authors of A Survey of Modem Algebra, 
wrote: 
The lively modern development of mathematics has had 
no impact on the content or on the presentation of 
secondary-school mathematics. Algebra and geometry, 
as covered in schools, consist exclusively of ideas 
already well-known two hundred years ago—many of them 
two thousand years ago. No matter how much better 
these particular ideas are taught to more and more 
pupils, their presentation leaves school mathematics 
in a state far more antiquarian than that of any 
other part of the curriculum, (pp. 66-67) 
The following year, E. P. Northrop expressed similar ideas in an 
address to the Boston meeting of the National Council of Teachers of 
Mathematics. Both MacLane and Northrop advocated altering the school 
curriculum to reflect the nature of modern mathematics. This eventually 
happened, but it happened as much because of social and educational 
forces as because of the efforts of mathematicians. We turn next 
to those forces. 
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III. EDUCATIONAL REFORM PRIOR TO 
THE "NEW MATH" 
A wide variety of forces influences the curriculum of the 
public schools. One large category of such forces is made up 
of influences from society as a whole. It is these forces that 
account for the very existence of public education in our society, 
for such education arose from a variety of social problems (Cremin, 
1970, pp. 12-16). One of these was the perpetuation of European 
culture and values in the New World. Another was the spreading 
of that culture and its values, particularly Christianity, to the 
natives of North America. A third problem that schools were founded 
to solve was the perpetuation of specific religious sects. Often 
such sects had left their native land in order to gain the freedom 
to live their religious beliefs. Once settled, they naturally 
wished to pass the specific tenets of their sect on to their children. 
These forces, especially the first and third, were Important in 
establishing public schools in Massachusetts, and from the beginning 
Massachusetts was the leader in the spread of public education in the 
United States (Cremin, 1970, pp. 180-183; Cubberley, 1934, pp. 14-20). 
It Is not at all obvious that mathematics has anything to 
contribute to the solution of the social problems mentioned above, 
and, as a matter of fact, mathematics was not an Important part of 
the curriculum in our earliest public schools (NCTM, 1970, p. 13). It 
became a part in response to other social needs. In colonial 
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Massachusetts these Included the needs for mathematics in commerce, 
navigation, and surveying. Once it gained a place in the curriculum, 
school mathematics was little affected by new social needs until 
the twentieth century. 
Another class of forces that affect the public school curriculum 
are those forces that originate in the learner. Now students have 
never had much direct influence on the mathematics curriculum. 
It has not been students' desires, but rather teachers' conceptions 
of the nature and needs of their students that have been Important. 
In the years when American public education first began, the nature 
of the child as learner was not something people thought about. 
Such Issues were brought to widespread attention by the work of 
Johann Helnrich Pestalozzl In the late 17008 (Cubberley, 1934, 
pp. 344-350). In trying to educate his own child, Pestalozzl 
concluded that studying the child must precede teaching the child. 
His own studies of children led him to advocate the replacement 
of memorizing verbal formulations of knowledge with the acquisition 
of knowledge through direct sensory experience. Rather than learn 
about things from books or teachers, children studied the things 
themselves. 
In the course of the 1800s, Pestalozzl's ideas gradually 
came to influence most aspects of the education of children in the 
United States. His Influence on arithmetic instruction, however, 
was much more immediate and direct, because Pestalozzl had an early 
American admirer in Warren Colburn. Colburn attempted to present 
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arithmetic in a form suitable for children in his 1821 text First 
Lessons in Arithmetic on the Plan of Pestalozzi (Bidwell and Clason, 
1970, pp. 13-24). He pointed out that young children untutored in 
arithmetic could often solve a concrete problem such as sharing a 
set of apples among a group of people. He advocated that children 
first work in such concrete situations, only gradually progressing 
from dividing 12 apples among three people to work with abstract 
numbers, i.e., 12 + 3. It was Colburn's Intent that the child 
gradually formulate for himself the laws of arithmetic, rather than 
relying on the teacher or text (NCTM, 1970, p. 25). 
By way of contrast, Colburn described the kind of teaching 
he wished to eliminate in an 1830 address to the American Institute 
of Instruction (Bidwell and Clason, 1970, p. 26). Colburn characterized 
traditional mathematics instruction as the presentation of rules for 
carrying out calculations. The rules were presented without any 
explanation of the reasons for their validity. The rules were 
practiced using abstract exercises such as "Add 492 and 653." On 
the whole, this characterization of the arithmetic instruction of 
his day was accurate (Cubberley, 1934, pp. 47-49). Colburn claimed 
that as a result of this kind of training, children do arithmetic, 
but do not understand it, and are unable to apply it. 
The work of Pestalozzi and Colburn Introduced a distinction 
between "understanding" and "mere memorization" that has remained 
a central issue in mathematics education ever since. Colburn's 
more imediate impact can be gauged by the sales of his text: 
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more than 2,000,000 copies bettreen 1821 and 1871, and 100,000 copies 
in 1856 alone (Cubberley, 1934, pp. 294-295). It was still selling 
several thousand copies a year as late as 1913—92 years after its 
first publication (Bidwell and Clason, 1970, p. 13). 
During the years of Colburn's popularity, Pestalozzi's ideas 
began to affect the schools in other areas as well. One of the 
most Important of these was teacher training. During the colonial 
period, the chief prerequisites to a teaching position were good 
moral character (Cremin, 1970, p. 187) and knowledge of the subjects 
to be taught. Pestalozzi's work, however, clearly implied that 
teachers also needed to know something of child psychology, and of 
specific teaching techniques based on this psychology. This in turn 
suggested that there should be a specific course of training for 
teachers. 
In the seventeenth and eighteenth century, teachers were usually 
trained in colleges that offered a single curriculum to all students 
(Cremin, 1970, pp. 189, 510-514). At the time Colburn's arithmetic 
text first appeared, in 1821, there were no specialized teacher 
training schools In the United States. The first public one came 
in Massachusetts In 1839. By 1856, there were nine (four in 
Massachusetts), and there were 22 by 1865 (Cubberley, 1934, pp. 375-
383). Most of these schools taught content rather than teaching 
methods. The first school to teach teaching in the U.S. was 
founded In Oswego, New York in 1860 (Cubberley, 1934, pp. 386-388). 
At Oswego, students spent half their time studying educational 
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principles and their applications to teaching. These principles 
were explicitly Pestalozzian. The other half of the students* 
time was spent in practice teaching. The Oswego model was widely 
emulated by other teacher training schools. By the end of the 19th 
century, education had become a profession with its own special 
body of professional knowledge, and steps were already being taken 
to add to this body of knowledge through the scientific study of 
children (Cubberley, 1934, pp. 401-402). The newly developed 
teaching profession represented a fresh influence on the school 
curriculum. 
To understand the impact of this new force, we must examine 
some of the social forces affecting the schools during the rise of 
the educational profession. By 1900, school attendance had become 
compulsory inmost states (Butts and Cremin, 1953, p. 415). At 
the same time, immigration patterns changed drastically. Earlier 
immigrants had been largely (87.8% in the decade 1861-1870) from 
Northern and Western Europe. By the turn of the century, the majority 
of Immigrants were from Southern and Eastern Europe. Compared to 
the earlier immigrants, the new ones were likely to be Catholic or 
Jewish rather than Protestant. They were more likely to settle in 
large cities rather than on the frontier, more likely to communicate 
only in their native tongue, and less likely to be literate in 
any tongue (Butts and Cremin, 1953, pp. 306-308). Immigration and 
compulsory attendance laws brought into the schools a vastly increased 
variety of students. This social pressure made the school more than 
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an Institution for the training of the intellect. The school 
became also an Instrument of "Americanization," attempting to adapt 
the offspring of the new Immigrants to the culture established 
by the old. Furthermore, since the new Immigrants were often 
poor and Ill-educated themselves in matters of health and sanitation, 
schools began to concern themselves with the health and welfare of 
their students. In taking on these concerns, the schools were 
acting In a manner consistent with a growing social awareness 
throughout American society at that time. In society as a whole, 
this awareness manifested Itself in Progresslvlsm, a political 
movement aimed at social reform. This movement influenced education 
through the progressive education movement. Progressive education 
began as a movement to implement Progressive reforms through education 
(Cremln, 1961, pp. vlll-ix). 
Cremln (1961, pp. 1-8, 20-22, 358-359) dates the beginning of 
the progressive education movement with the appearance In 1892 
of a series of articles by Joseph Mayer Rice that were highly critical 
of American public education. On the one hand. Rice attacked abuses 
of political power In education, such as making school superIntendencles 
political patronage positions. Rice's solution to this problem was 
to put control of education squarely in the hands of the emerging 
professional educators. His other criticisms had to do with the 
kind of teaching that went on in the schools. Here he largely 
followed In the footsteps of Pestalozzl and Colburn, decrying 
"singsong drill, rote repetition, and meaningless verbiage" (Cremln, 
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1961, p. 5). In the years that followed, Progressive political values 
and Pestalozzian educational values became a part of the equipment 
of professional educators. 
At the same time that professionalism was strengthening the 
bonds between one teacher and another, it was weakening the bonds 
between teaching and other professions. While in colonial times, 
mathematicians, lawyers, ministers, and teachers might all be trained 
in a single curriculum at Harvard (Morison, 1936, pp. 140-142), in later 
years each of these specialties developed its own curriculum, and 
teachers came to be trained in separate institutions. One result 
of this was very limited contact between mathematicians and future 
schoolteachers (NCTM, 1970, p. 37). As a result, neither the 
opinions of mathematicians nor the new developments in mathematics 
discussed in Chapter II influenced teachers or the teaching of 
mathematics (NCTM, 1970, pp. 105-106, 116, 132). 
What Influence mathematicians did have on the schools was 
largely indirect. For example, as long as there have been colleges, 
there have been complaints from professors that their students were 
Inadequately prepared by their previous teachers. While the 
professors have not acted to remedy this as frequently as they 
have decried it, there have been attempts in those directions over 
the years, and those attempts have Influenced the mathematics 
taught in our schools. The simplest form of Influence exerted by 
the colleges has been through their entrance requirements. Just to 
get a rough Idea of what has been considered appropriate material 
54 
for college and pre-college students, we might look briefly at how 
these have changed over the years. Arithmetic became an entrance 
requirement at Harvard In 1807—170 years after its founding. It 
had earlier become a requirement at Yale (1745) and Princeton (1760). 
Harvard was the first to require algebra—in 1820. Geometry was 
not a requirement until after the Civil War (NCTM, 1970, pp. 18-19). 
Even In college, mathematical study has not always been extensive. 
In 1726, for example, the Yale curriculum Included only a bit of 
arithmetic and some simple applied mathematics in the form of surveying 
(NCTM, 1970, p. 19). As the years passed, more students studied 
more mathematics, at an ever earlier age, a trend that has been going 
on for at least a century and a half, and was not an innovation of 
the "new math." 
As mathematics did become a more Important college and pre-
college subject, however, colleges began to Influence pre-college 
mathematics in other ways. The College Entrance Examination Board 
(CEEB) was founded in the early years of this century (NCTM, 1970, 
p. 42; Bldwell and Clason, 1970, p. 127). It tested the mathematical 
development of prospective college students, and published syllabi 
for high school mathematics that served as the basis for its tests. 
Other factors also began to reestablish contact between mathematicians 
and teachers. Around the turn of the century, the universities began 
to join the teachers' colleges in the preparation of teachers 
(Cubberley, 1934, p. 691). The university education faculties 
sometimes Included mathematicians. Early examples were D. E. Smith at 
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Teachers College, Columbia (1901), and J. W. A. Young, at Chicago. 
These men produced, respectively, the first (1900) and second (1906) 
mathematics teaching methods textbooks In the United States (MCTM, 
1970, p. 42). Finally, again at around the turn of the century, 
there were a number of mathematicians who began to campaign 
publicly for reforms in mathematics education. 
These mathematicians shared viewpoints with both progressive 
and traditional educators. With the traditionalists they shared 
a tendency not to question whether what they taught was indeed 
worth learning, and to emphasize the Intellectual side of education. 
In contrast with the progressives, they were not primarily concerned 
with the "whole" person, or with social reform. They shared with 
the progressives, however, an abhorence of rote learning, a concern 
with pedagogy, and a desire to relate school learning to the world 
outside of school. 
This movement among mathematicians is especially associated 
with John Perry In England. Perry was primarily concerned with the 
training of engineers. He developed his own ideas on pedagogy as 
a result of this concern. Perry's views are best known through a 
speech he gave In 1901 (Bidwell and Clason, 1970, pp. 220-245). In 
this speech. Perry stressed very strongly the utility of mathematics. 
Of the many valuable uses to which mathematics might be put. Perry 
claimed that most of the mathematics teaching in his day stressed 
but one: passing examinations. He wanted to see the practical 
application of mathematics to real world problems stressed. He 
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advocated teaching mathematics in a more concrete fashion, so that 
students might reach their own mathematical conclusions. This was a 
position he shared with Pestalozzl and Colburn. He also had a 
number of proposals for the arithmetic curriculum. One of these 
was to teach decimal fractions much earlier. Perry also wished 
to include such topics as estimation and scientific notation. In 
the manner of Pestalozzl, he encouraged students to verify various 
geometric facts and formulae by empirical measurement. While 
Pestalozzl viewed sense experience as the basis of all learning, 
it is probably safe to say that Perry regarded it as a vital adjunct 
to—not a replacement for—learning from a text or teacher. Both 
shared the aim of developing independent Judgment in their students, 
however. Perry's ideas gained favor with many secondary school 
teachers, but in 1912 Collins complained (p. 296) that the ideas 
seemed not to have affected the actual curriculum very much. 
In the United States, the spread of Perry's ideas was primarily 
associated with E. H. Moore, one of the leading American mathematicians. 
Moore had been president of the American Mathematical Society (AMS), 
the principal organization of research mathematicians in the 
United States. On his retirement as president of the AMS in 1902, 
Moore gave a speech on mathematics education that Included many 
of Perry's ideas (Bidwell and Clason, 1970, pp. 246-255). One new 
idea of Moore's was that reform in mathematics education might 
proceed from the top (i.e., college) down. Neither relied on 
anything more than common sense assumptions concerning the nature of 
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the child as learner, although Moore cited an article on adapting 
Instruction In geometry to the child's gradual mental development. 
The article was by John Dewey, a colleague of Moore's at the 
University of Chicago, who later became a major figure In the 
progressive education movement. Moore and Perry were at least 
aware, however, that If new mathematical topics were to be Introduced, 
they would have to be adapted In some way to the needs of younger 
students. F. L. Griffin, a student of Moore's, pioneered the now 
standard practice of teaching calculus to first year college 
students In the United States (Sawyer, 1961, p. 109). Perhaps 
In order to avoid becoming "the father of math anxiety," Griffin 
omitted the word "calculus" from the title of the text that grew 
out of his teaching experiments at Reed College. The text was called 
An Introduction to Mathematical Analysis (1936). Griffin also 
followed Perry's ideas. He attempted to teach the various traditional 
subdivisions of mathematics in an integrated way. His text covered 
what might normally be taught as college algebra, analytic geometry, 
trigonometry, and calculus (Griffin, 1936, p. ill). He heavily 
emphasized Intuitive, approximate, and graphical means of problem 
solving, while avoiding "intricate points of technique" or "subtle 
niceties of logic." The problems in his text were drawn largely 
from scientific, technical, and business sources (Griffin, 1936, 
pp. iil-vi), thus carrying on Perry's concern with applied mathematics. 
While they worked for reform in education, there is no evidence 
that Moore or Perry viewed education as the means to broader social 
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reform. This was In contrast to the development of the progressive 
education movement, taking place at about the same time. Moore 
and Perry seen to have viewed their reform as taking place in the 
context of already accepted social values and educational goals. 
Mbore went beyond Perry in a number of areas, most of them 
connected with Moore's being more of a mathematician than an educator. 
He specifically recommended that the new work on the foundations of 
mathematics being carried out at that time not be Incorporated into 
elementary instruction (Bidwell and Clason, 1970, p. 250). He 
advocated more cooperation between mathematicians and schoolteachers, 
improved teacher training, and (with Rice) that teaching "become 
more of a profession" (p. 253). Finally, he called on his colleagues 
in the AMS to work together to bring all these reforms into action. 
Although the AMS in fact remained devoted primarily to mathematical 
research, Moore was Instrumental in creating the Mathematical 
Association of America (MAA), a group of AMS members who felt the 
need for a separate organization to further the interests of college 
level mathematics education (Wilder, 1969, p. 471). Founded in 1915, 
the MAA worked mainly through its meetings and its Journal, The 
American Mathematical Monthly, to improve college mathematics teaching 
(Miller, 1921). 
In 1916, the MAA organized a National Committee on Mathematical 
Requirements to encourage educational reform In the secondary schools. 
Moore was one of the Committee's members (Bidwell and Clason, 1970, 
p. 384). 
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An organization concerned solely with education at the secondary 
level was the Central Association of Science and Mathematics Teachers, 
founded In Chicago around the turn of the century (NCTM, 1970, pp. 
176, 314). Other regional groups of this era were the Association 
of Teachers of Mathematics of the Middle States and Maryland and 
the New England Association of Mathematics Teachers. At its first 
meeting, the MAA's National Committee on Mathematical Requirements 
invited all three of these organizations to appoint representatives 
to the Committee (Bidwell and Clason, 1970, p. 384). 
One of the many local groups of the era was the Chicago Men's 
Mathematics Club. Charles M. Austin had helped to organize this 
group in 1914 and became its first president (Schrelber, 1945, 
p. 372). Austin felt that the work of the MAA's National Comnittee 
on Mathematical Requirements should actually have been carried out 
by secondary teachers themselves rather than people primarily concerned 
with college mathematics education. He felt that this had not 
happened because there was no national organization of secondary 
mathematics teachers. So, under the leadership of Austin and others 
from the Chicago Men's Mathematics Club a meeting was held in 
Cleveland in 1920. Representatives of the regional and local 
organizations mentioned above came together to form the National 
Council of Teachers of Mathematics (NCTM). Austin was its first 
president (Austin, 1928). The NCTM took over publication of The 
Mathematics Teacher. a journal that had been published since 1908 
by the Association of Teachers of Mathematics in the Middle States 
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and Maryland (NCTM, 1967, note facing p. 1). At the request of 
the National Committee on Mathematical Requirements, the progress 
reports of the Committee were published in The Mathematics Teacher 
(Hlavaty, 1970, p. 138). 
During the 1920*8, the reforms advocated by the Committee 
began to spread, influencing textbooks and college entrance 
examinations. The membership of the NCTM grew to about 5000, then 
stopped, and fell to less than 4000 in 1934. Two major factors 
acted to effectively halt the reform movement begun with Moore and 
Perry. First, high school enrollment rose so rapidly in the first 
half of this century that high school teachers had all they could 
do to deal with the flood of students (Hlavaty, 1970, pp. 139-140). 
During the years 1900-1940, the high school population increased by 
a factor of 12 while the general population increased only by a 
factor of 2 (Betz, 1950, p. 380). 
At the same time, the progressive movement in education began 
to move in directions that would ultimately bring it in conflict 
with the reform movement in mathematics. Contact was lost with 
Progressivlsm as a political and social movement (Cremln, 1961, 
pp. 184-185). Progressivlsm in education became simply another 
name for the educational values and aspirations of the teaching 
profession. While these values were of course influenced by 
progressivlsm's past, the values of the teaching profession gradually 
grew more conservative. Ironically, as teachers grew politically 
closer to Moore and Perry by losing their interest in reforming 
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society through education, the progressive education movement of 
the 1930s gradually grew antagonistic to the educational values of ' 
mathematics educators. One example of this Is the change that took 
place In the study of learning. 
In the early years of the progressive movement In education, 
child study was an outgrowth of the discovery of the child as a being 
with Its own special needs and nature. One form that child study 
took, of obvious Importance to education, was the study of children's 
learning processes. A leader In this area was E. L. Thorndlke. 
Thorndlke began his career around the turn of the century as a 
researcher studying animal learning at Harvard and Western Reserve 
University. From there he moved to Teachers College at Columbia, 
where he became a major figure In the empirical study of human learning 
(Cremln, 1961, pp. 110-115). Perhaps he Is the best known for 
overthrowing the faculty theory of learning. This theory held that 
mental powers consisted of a number of specific faculties, such as 
memory. The prevailing educational interpretation held that 
exercise of these faculties would Improve them. Thus, studying 
geometry as a deductive system might be expected to Improve one's 
general reasoning ability. Research Thorndlke did with R. S. 
Woodworth did much to discredit this view. The demise of faculty 
psychology marked the beginning of a pragmatic thread in progresslvlsm 
(Cremln, 1961, p. 113). 
As an example of this approach, one might argue that if the 
study of geometry does not Increase reasoning ability, perhaps 
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there Is no point in treating it deductively, and that the study 
of geometry should be limited to mastering those facts found useful 
in daily life. As a matter of fact, enrollments In geometry did 
drop during the 1930s (Hlavaty, 1970, p. 140), as educators began 
to adopt the "social utility" approach to curriculum planning. This 
approach would include in the curriculum only specific skills known 
to be useful in dally life. Cremin (1961), pp. 193-200) has 
described how influential this approach became, and the extremes 
to which it was carried. Studies were made of what mathematics 
was used by people in their everyday lives, and this was offered as 
a guide to curriculum planning. Cremin has also pointed out what 
a profoundly conservative doctrine this is. Whereas the early 
progressives sought to transform society into what they thought it 
ought to be, the social utility approach effectively made the 
preservation of society as it was the major goal of education. 
There is no doubt that Thorndlke himself did not take such 
a narrowly utilitarian view. As early as 1913, he criticized those 
who did, but even criticism from Thorndlke himself did not halt 
the trend (Cremin, 1961, p. 113). Nor was this the only area 
in which Thorndlke's influence became a distorted reflection of 
his actual beliefs. Other examples may be found in reaction to 
his The Psychology of Arithmetic (1924). Sections of this book 
deal with such issues as the legibility of textbooks (pp. 234-253) 
and the optimum amount and spacing for drill (Ch. 8). Of course, 
if learning useful facts is the sole goal of education, the role 
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of drill becomes central, and Thorndike's research on drill was better 
remembered by his pragmatically oriented followers than were other 
parts of The Psychology of Arithmetic, such as the section on 
problem solving (Thomdike, 1924, pp. 42-48). 
Even less remembered are a series of articles on learning 
algebra that Thorndlke wrote for the NCTM (1922a, b, c). Here it 
is clear that Thomdike was concerned with higher level mental 
abilities, and that he felt mathematical training could Improve 
reasoning ability in other areas (1922a, p. 9). In the second 
paper In the series Thomdike speaks against teaching skills that 
are too specific (1922b, p. 83). In the third he suggests teaching 
negative and fractional exponents before teaching radicals (1922c, 
pp. 410-413). This latter is especially fascinating. Thorndike's 
proposal Included dispensing with radicals entirely, except for 
leaming to translate any problem involving them into a problem 
in fractional exponents. This is exactly what all students do once 
they reach calculus, whether their calculus is "new math" or old. 
We shall see that the "new math" reformed high school mathematics 
so as to make it fit better with college mathematics, so it is 
surprising that Thorndike's suggestion was not widely adopted. 
Instead, this and other excellent suggestions that Thomdike 
made in these articles seem to have been lost, and his effect on 
mathematics education came largely from the misguided pronouncements 
of his overenthuslastlcally pragmatic followers. 
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Why was Thorndlke's work trivialized in this way? Perhaps 
Thorndike was more Important to educators because he pioneered 
In the scientific study of learning than because of the specific 
recommendations he made for the classroom. Cremin has discussed 
factors in the politics of education that would have made Thorndlke's 
empirical studies attractive. 
The scientific movement exerted its greatest 
influence at a time when the study of education was 
making rapid headway as a university discipline. 
Little wonder that professors of education, ever 
under attack for having no real content to teach, 
saw in science the great panacea for their field. 
And in the schools themselves science gave classroom 
teachers the rules and maxims they needed to make 
mass education work at the same time it set them 
apart from the lay public as professional personnel 
worthy of appropriate status and compensation. 
(Cremin, 1961, p. 200) 
Of course, a scientific study of how long it takes to memorize 
2 + 2 " 4 is much easier than a study of what is involved in under­
standing why 2+2-4, and in that sense the scientific Influence 
pushed education in the direction of concern with rote learning 
rather than understanding. This was one respect in which the 
scientific study of education began to have a reactionary effect 
on progressivism. Thorndike himself was a conservative reformer. 
While he at times suggested rearranging the mathematics curriculum, 
or omitting certain topics of dubious utility, there is certainly 
no hint in his work of using education to transform society. In 
this, Thorndike had more in common with Moore and Perry than with 
the early progressives. 
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The 1940's saw further growth in the rift between mathematics 
educators and general educational philosophy. In 1948, Guy M. 
Wilson published an article in the Journal of Educational Research 
strongly advocating application of the social utility theory to the 
teaching of arithmetic. Wilson's article epitomizes how reactionary 
progressivism had become. Common adult usage was held not as the 
minimum level of mastery, but the maximum (pp. 322-323). On the 
basis of studies of adult usage, Wilson recommended that work with 
fractions be limited to halves, thirds and fourths (pp. 324-325). 
He opposed teaching the metric system in the elementary school, 
and predicted that metric units would disappear even from physics 
texts (pp. 326-327). Division of conaon fractions and addition of 
thirds and fourths were to be treated as enrichment topics, as were 
all computations with decimals (pp. 328-329, 336). Wilson made 
it clear that he felt his position was strongly supported by 
educational research, while that of his opponents was not (pp. 334-
337). 
In a 1950 article, William Betz sharply criticized the effects 
of the later progressives on mathematics education. He criticized 
the trend toward decreased study of mathematics by students as social 
utilitarians removed much of the content of grade school mathematics 
and made high school mathematics elective. He also criticized another 
outcome of the growth of educational research, the transfer of 
certain elementary school topics to higher grade levels, based on 
research interpreted to show that children were not ready for these 
66 
topics at the age at which they were then being taught (pp. 382-383). 
The era was one of declining study of mathematics (Betz, 1940, 
p. 340; Hlavaty, 1970, p. 140). 
The same era, however, saw some beneficial effects of progresslvism 
on such mathematical training as was retained, especially at the 
elementary school levels. Educational research, such as Thorndlke's, 
did contribute to the more effective use of drill in arithmetic. 
Texts such as How to Make Arithmetic Meaningful (Brueckner and 
Grossnlckle, 1947) brought to teachers-in-training the results of 
research aimed at Improving arithmetic instruction rather than eliminating 
it. Probably the outstanding figure in the constructive reform of 
arithmetic teaching was William A. Brownell. 
Born In 1895, Brownell taught high school for four years before 
undertaking graduate study in educational psychology under C. H. Judd 
at the University of Chicago (Kllpatrick and Weaver, 1977, p. 382). 
Judd was an early leader In the scientific study of education, 
producing an Introduction to the Scientific Study of Education in 1918 
(Cremln, 1961, pp. 186-187, 201). Both friend (Kllpatrick and Weaver, 
1977, p. 382) and foe (Wilson, 1948, p. 321) considered Judd to be 
Thorndlke's polar opposite. Brownell obtained his Ph.D. in 1926 
and subsequently taught at half a dozen colleges and universities 
before settling at the University of California at Berkeley. He 
was chairman of the Department of Education and dean of the School 
of Education at Berkeley from 1950 until 1961. Over the years, 
Brownell published 84 papers and monographs, as well as numerous 
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arithmetic textbooks. Most of his writing dated from his years 
(1930-1949) at Duke University (Kilpatrick and Weaver, 1977, 
p. 382). 
In 1935, the NCTM devoted its yearbook to The Teaching of 
Arithmetic. The yearbook began with an article by Brownell on 
"Psychological Considerations in the Learning and the Teaching of 
Arithmetic" (Bldwell and Clason, 1970, pp. 504-530). In it, Brownell 
attacked what he called "the drill theory of arithmetic." In its 
theoretical underpinnings, the "drill theory" amounted to the then 
popular trlvialization of Thorndike's work that I have already 
mentioned. In practice, the "drill theory" resulted in the same 
"singsong drill" and "rote repetition" that Pestalozzi, Colbum, 
and Rice had attacked in the nineteenth century. In its place, 
Brownell advocated what he called "the 'meaning' theory of 
arithmetic Instruction." Since the dichotomy represented by these 
two alternatives has been a basic issue in mathematics education 
for at least 150 years, perhaps we should pause to examine it more 
fully. 
It has been known for many centuries that through memorization 
and practice, people can learn to perform addition, subtraction, 
multiplication, and division. On the one hand we have those who 
say that Is enough. On the other are skeptics, such as Pestalozzi, 
Colburn, and Brownell, who say it is not. These skeptics claim 
that the ability to perform these operations is not necessarily a 
sign of understanding. The main difficulty in explaining and defending 
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this position comes when one tries to define "understanding." 
Rather than attack this head on, we may circumvent the difficulty 
by noting that rote learning need not entail any understanding— 
no matter how "understanding" is defined. The best arguments for 
this point Involve an analogy with learning a language. 
Fralelgh (1967, p. 5) gives the example of a visitor to a 
strange civilization who visits a class engaged in oral drill in 
the basic addition facts. Although he does not understand the 
language, he can realize that for certain stimuli provided by the 
teacher, there are certain correct responses desired from the students. 
With adequate drill and practice, there would seem to be no reason 
why the visitor could not learn the correct responses to the 100 
possible stimuli, and perhaps even get 100% on an addition test. 
However, since the visitor does not even know that the stimuli 
or responses represent numbers, he can not be said to "understand" 
what he has learned. Critics of the "drill theory" claim that similar 
(though less extreme) lack of understanding often accompanies children's 
learning of arithmetic. Now for some purposes—such as performing 
calculations for a merchant in colonial Boston, or passing an 
arithmetic test—such learning may well be adequate. These critics 
claim, however, that it has two major faults. First, if children 
understand arithmetic, they will learn more arithmetic more rapidly. 
Second, if they understand the nature of arithmetic, they will be 
able to make better use of it in the real world. They will not, 
for Instance, be puzzled over whether to add, subtract, multiply. 
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or divide a pair of numbers arising in some practical situation. 
Individual critics, of course, might differ on details—especially 
on just what "understanding" Is, and how to attain it—but the basic 
issue is as described above. 
Pestalozzi was among the earliest thinkers to raise this issue, 
and Colburn wrote a text aimed at producing understanding. Brownell 
brought the issue back to life in mathematics education. He wrote 
theoretical articles arguing the issue, and wrote textbooks Intended 
to carry out his views on the Issue. Perhaps most Important of all, 
he conducted, supervised, and encouraged research to back up his 
contentions. With his empirical research on this particular issue, 
he simultaneously carried on the work of Pestalozzi, Colburn, and 
Thorndike, combining empirical study with concern for the whole child 
(Brownell, 1954, p. 4). In his concern for pedagogy, Brownell 
was close to Pestalozzi, Colburn, Perry, and Moore. In social values 
he was close to Thorndike, Perry, Moore, and the teaching profession 
of the 1930's and '40*8, preferring social utility to social reform. 
However, his view of social utility consisted more of relating 
arithmetic to a child's daily experience, as was advocated by 
Pestalozzi, rather than using social utility as a criterion for 
eliminating arithmetic instruction, as advocated by Wilson (1948). 
Perhaps better than anyone else, Brownell represented the 
state of the art in mathematics education on the eve of the "new 
math." It was altogether fitting that when the NCTM decided to 
devote a new Journal to elementary school arithmetic teaching. 
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there appeared on page 1 of Volume I, Number 1 (1954), an article 
by Brownell on this history of arithmetic education In the first 
half of the twentieth century. 
The "state of the art" that Brownell represented, and summarized 
In his Arithmetic Teacher article, existed In an educational context 
colored by all the forces described so far. There existed an 
educational establishment, perpetuating Itself through colleges of 
education. Though Its social values had grown more conservative with 
the years. Its educational values were largely those of progressive 
education (Cremln, 1961, p. 328). In Its emphasis on the concrete 
uses of mathematics In the real world, progressive education 
remained true to Pestalozzl and all the mathematics educators 
mentioned thus far. 
At the same time, there was conflict between mathematics educators 
and educators in general. As the educational profession grew more 
conservative and began to emphasize the social utility of learning, 
it began to remove from the schools such mathematics as was not 
actually used by contemporary adults (Brownell, 1954, p. 2). Of 
course, in view of all that progressivlsm had added to the duties of 
the school, it was Inevitable that less time would be available for 
traditional subject matter. A program put forth by a vice-president 
of the Progressive Education Association, for example, allotted but 
half an hour per school day to arithmetic (Lane, 1938, pp. 64-66). 
We have seen how this trend brought sharp criticism from mathematics 
educators in the 1940s. By the 1950s, this criticism had become 
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widespread beyond the ranks of mathematics educators, and beyond 
the realm of mathematics alone. Many critics began to attack what 
they viewed as steady reduction In the intellectual content of 
education under the Influence of the progressive education movement 
(Cremln, 1961, pp. 338-345). 
By the early 1950s, there was a tension between the social 
utility of the late progressives, the meaning theories of such 
progressive mathematics educators as Brownell, and social critics 
desiring a more intellectually oriented education. In fact, none 
of these groups became dominant, and change came from outside. 
When it came, however, it contained elements that gave it some 
attractiveness to each of the groups mentioned above. 
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IV. THE SECOND WORLD WAR AND MATHEMATICS EDUCATION 
A. The Importance of Mathematics to Society 
The most obvious Influences on mathematical education are 
mathematics, mathematicians, and educators. Less direct influences 
come from society at large. It has become commonplace to comment 
on the importance of mathematics in modern society. At the same 
time, however, the daily lives of most adults do not even require 
all of the arithmetic learned In grade school. For example, how 
often have you found it necessary to divide two fractions, such 
as 4/5 t 2/3? This raises questions of why mathematics is important 
to modern society, and to which members of modern society Is it 
important? Furthermore, how have the answers to these questions 
affected mathematics education? 
Mathematics is socially Important almost entirely because of 
Its contributions to other fields of human knowledge. Traditionally, 
these contributions have been to the various branches of engineering, 
and to the physical sciences. The most spectacular contributions 
occur when a new discovery in mathematics makes possible a major 
advance in one of these areas of application. Perhaps the finest 
example of this phenomenon is Isaac Newton's invention of the 
calculus in conjunction with his development of Newtonian physics. 
Even today, Newton's physical theories form the principal basis 
for the training of mechanical engineers, and for the mechanized 
aspects of modern society. This increased mechanization has brought 
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with It the need for proportionately more mechanical engineers. 
These engineers must study physics because It provides the conceptual 
basis of their professional training, and they must study mathematics 
because, since Newton, the language of physics Is mathematics. 
Similar remarks could be made concerning other branches of 
engineering and the physical sciences. The direct educational 
Implications are that more people need to learn more mathematics. 
In addition, because of the ever Increasing amount of mathematics 
that needs to be learned. It would be convenient If students 
were able to leam more per year, so that, for example, topics that 
used to be taught In college might become part of the high school 
curriculum. 
These considerations did have some affect on the "new math" 
programs. We shall see, for example, that the first "new math" 
program arose out of concern for the mathematical training of 
engineers. At the same time, however, the Influence of 
science and engineering on the "new math" has probably been 
exaggerated—or at least the nature of its Influence has not been 
made clear. 
The part played by technology In Western society has been 
growing for centuries. The training of engineers and scientists 
has been providing Impetus for reform in mathematics education 
at least since the time of Perry, 50 years before the first 
"new math" program was bom, One might have expected these trends 
to have continued throughout this century, and they have, but there 
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was nothing In these trends alone that suggested a sudden, radical 
reform movement In mathematics education around 1960. Instead, 
the needs of science and engineering might well have been satisfied 
by gradually teaching more and more "old math" to more and more 
students, ever earlier In their schooling. If reforms were to be 
made in response to the needs of science and engineering, we might 
have expected them to run along the lines suggested by Perry. 
Instead, the "new math" programs featured content that was as 
radical a break from Perry's ideas as It was from the Ideas of 
"old math." In short, the growing needs of science and technology 
contributed to a growing concern with mathematics education. They 
had little effect, however, on the things that made the "new math" 
new. 
B. New Uses for Mathematics 
It was primarily applications of mathematics outside the 
traditional areas of science and technology that influenced the 
"new math" programs. Such applications meant that psychologists, 
sociologists, and industrial managers would soon be taking mathematics 
courses along with the scientists and engineers. This added even 
further to the number of people who needed to study mathematics, 
and it increased the areas of human endeavor upon which mathematics 
had an impact. There were other effects as well. 
It is rare that a new discovery in mathematics solves a problem 
in a field in which mathematics had been little used previously. 
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Instead, mathematics typically enters a new field of application 
as the result of the discovery of a novel use of fairly elementary 
mathematics in that field. Because the mathematics involved is 
elementary, the new use of mathematics has an Impact on mathematics 
education at a much lower level. During the twentieth century, 
many applications of mathematics to new fields have been found 
that require little more than high school mathematics. When this 
happens, there is always the chance that this new application will 
become a part of the high school curriculum, or at least that it will 
Influence how high school mathematics is taught. A new discovery 
in physics, on the other hand, being in a field of which mathematics 
has long been an important part, is likely to involve such advanced 
mathematics that its only Impact is on the curricula of graduate 
schools. 
An excellent example of a new use for elementary mathematics 
is provided by statistics. It is not uncommon today for college 
students in business, psychology, or sociology, to be required 
to take a course in statistics. The mathematical prerequisite for 
these courses are usually arithmetic and high school algebra. 
Because of this, there is no reason why statistics could not be 
taught in the high school, and indeed it was, as part of some of the 
"new math" programs. 
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C. The Impact of the War on Applied Mathematics 
Statistics was a field of study that developed gradually 
during the twentieth century. Other new uses for mathematics were 
developed as part of the defense effort during World War II. Like 
statistics, these new areas of application contributed some content 
to "new math" programs, and Influenced opinions about what parts 
of the traditional curriculum were most worth knowing. In addition, 
because of their rapid development during the 1940s, these new 
areas contributed to the timing of the rise of the "new math" 
in the 1950s. Indeed, this and other effects of the War made 
that War a major factor in the timing of the "new math." Let 
us examine these effects in more detail. 
One of the new areas of applied mathematics that grew out 
of the War was operations research (OR). OR had its origins in 
Britain. In 1940 there appeared there an anonymous little manifesto 
entitled "Science in War" (Waddington, 1973, pp. 2-3). It was 
produced by scientists outside the military. One of its major 
points was that although science was commonly applied to the 
development of weapons. It was rarely applied to their use, which 
remained largely a matter of personal judgment on the part of 
military commanders. Shortly after the manifesto appeared, many 
of Its Joint authors were serving as advisors to the military, 
trying to apply science to the use of troops and weaponry. They 
scored many successes. 
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It has been estimated (Levinson and Brown, 1951/1968, p. 321) 
that the new scientific approach doubled the effectiveness of 
Britain's air defense system. Such success led to the use of OR 
in other branches of the British military and in the United States 
military as well. Wartime applications included antisubmarine 
warfare (Waddington, 1973), deployment of radar, and the measurement 
of the effectiveness of new types of bombers in Britain, as well as 
the planning of flight patterns, sea mining, and logistics in the 
United States (Taha, 1971, p. 1). In general, OR problems involve 
finding the best way to accomplish a given goal within the limits 
prescribed by available materials and manpower. It quickly became 
clear that such techniques could also be applied to business and 
to non-military government planning. Indeed, a course in non-
military uses of OR was given regularly at MIT starting in 1948 
(Levinson and Brown, 1951/1968, p. 321). 
While the general field of operations research is rather 
vaguely defined, an example and some definite statements regarding 
a specific branch, linear programming, can be given. Here is an 
example of a simple military linear programming problem. Suppose 
we have 100 planes and 180 men. The planes can be sent out 
singly or in pairs. Each single plane or pair requires one man 
keeping track of its flight on radar at the air base. Each 
plane requires only a one man crew. If a single plane has a 
one-ln-two chance of destroying an enemy target, while a pair 
has a four-in-five chance, what course of action will destroy 
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the largest number of enemy targets? It turns out that the best 
course of action Is to send out 60 single planes and 20 pairs. 
Beginning college students with one year of high school algebra 
can learn a technique for solving such problems In about two 
class hours. The students already know how to graph x + 2y - 100. 
Learning to graph x + 2y < 100 ('V' means "Is less than or equal 
to") is the key to a graphical solution of the problem. Expressions 
such as "x + 2y < 100" are called "inequalities." They became 
particularly important to mathematicians during the reformation 
of analysis in the nineteenth century (Kramer, 1970, Vol. II, pp. 248-
254). Because of this they found their way into advanced textbooks such 
as Hardy, Pierpont, and Rudin, but it was only their use in such 
practical applications as linear programming that made inequalities 
important to a wider audience. 
Linear programming (and other branches of OR) became important 
in business and industry soon after the War. Linear programming 
made its first successful contribution to industry when it was used 
to optimize scheduling In oil refineries in the 1950's (Dantzig, 
1966/1970, p. 10). 
There followed applications to catsup warehousing in the 
United States and the choosing of the most profitable use of steel 
rolling mills in Britain. One program, for Nabisco, involved 
thirty-two thousand equations and nearly a million variables 
(Dantzig, 1966/1970, pp. 10-11). Needless to say, systems of 
this degree of complexity required computers for their solution. 
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Electronic computers were themselves partly an outgrowth of 
the War. The first electronic digital computer was built at 
the University of Pennsylvania during the War for the purpose 
of computing the trajectories of bombs and artillery. When the 
Army requested a more powerful model, one of the leading mathematicians 
of the century became Involved In the project. John von Neumann 
was a European mathematician who took up residence In the United 
States In 1930. His contribution to computers was the Idea of a 
program that could be entered Into the computer like data. In 
contrast, the earlier computer was programmed by manually setting 
switches and rewiring circuits (Fames and Eames, 1973, pp. 132-138). 
In the sumer of 1946, a conference at the University of Pennsylvania 
spread von Neumann's Ideas, leading to the first commercial computer 
In 1951 (Hamming, 1977, p. 121; Holllngdale and Tootlll, 1965, p. 63). 
The following year, computers began to be used In the solution of 
linear programming problems (Holllngdale and Toothlll, 1965, p. 291), 
and by the 1970s, OR had become a common part of business education 
In the colleges. 
In addition to creating new applications for mathematics. 
World War II also affected the mathematicians. The American 
mathematical community itself was a fairly recent development, 
dating from around 1900. Early researchers were largely trained 
in Germany, They built strong mathematics departments at Harvard, 
Princeton, and the University of Chicago. Their work was largely 
in pure, rather than applied, mathematics (Sirkhoff, 1977, pp. 26-36). 
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As late as 1940 It was estimated that there were only about 
150 mathematicians working In Industry (Blrkhoff, 1977, pp. 62-63), 
and a year later it was lamented that there was no place to go in 
the United States to obtain training for such work (Morse, 1941, 
p. 198). The war changed this in many ways. 
First, beginning In the 19308, many European scientists and 
mathematicians fled Europe and sought refuge In the United States. 
Most of them had been trained in a tradition that stressed both 
pure and applied mathematics (Blrkhoff, 1977, p. 74). The influx 
of these mathematicians, and the involvement of mathematicians in 
the War effort, had the effect of moving American mathematics more 
in the direction of applications. Second, when the mathematicians 
Involved were also college teachers, their experiences during the 
War often influenced their subsequent teaching. We will return 
to examine this effect more fully after we examine some of the 
more immediate effects of the War. 
D. The Impact of the War on Society's 
Support of Mathematics 
Although many mathematicians and military men were aware 
at the start of the War of the importance of mathematics in 
modern warfare, the nation as a whole was not (Blrkhoff, 1977, 
p. 76). They soon became aware of it as the war developed, and 
proved to be a contest of military technology and Industrial 
production. British radar, German rockets, and American bombalghts 
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became topics of dally conversation among people whose lives 
had never been touched by anything more technologically advanced 
than the automobile or the radio. The capstone at the end of 
the war was the atomic bomb, a product of theoretical and mathematical 
physics. The realization of mathematics' importance in the War 
effort was also reflected in the appearance of textbooks with 
titles like Mathematics for Victory (Mallory, 1943). 
Once that victory was attained, many government and military 
officials felt that it would be wise to continue governmental 
support of defense-related research such as that which had produced 
the atomic bomb (Rees, 1977, p. 104). Initially, there was some 
concern that military research would be unwelcome at institutions 
of higher learning, and indeed, it did wear out its welcome in 
the 19608. But the 1940s were different. The violence. 
demagoguery, and anti-lntellectualism of Nazism and Fascism, and 
the extreme restrictions on academic freedom in Europe, prompted 
a solidarity between Intellectuals and the military unequalled 
before or since. The support of academic research by military 
and government contracts began with the Office of Naval Research 
in 1946. It was carried on later by the Office of Scientific 
Research and Development (Rees, 1977, pp. 102-103). In 1950, the 
National Science foundation (NSF) was formed to develop a national 
policy for the promotion of basic research and education in the 
sciences (NCTH, 1970, p. 74). Government support did much to 
contribute to the development of computers and of departments of 
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statistics at American universities. The Increased emphasis on 
research led to a shift in the balance of power in the universities, 
away from administrators and teachers toward researchers. 
As this was happening, there were increasing complaints from 
social critics that the social values of progresslvlsms had displaced 
the traditional intellectual values in our schools (NCTM, 1970, 
pp. 71-72). Among these critics was Admiral H. G. Rickover. 
Rickover is particularly Important to us because he was especially 
concerned with the training of scientists and because he strongly 
reflected the cold war atmosphere of his day. He claimed that "our 
schools do not perform their primary purpose, which is to train 
the nation's brain power to the highest potential" ("Atomic 
Submarine Chief," 1957, p. 122). To better carry out this purpose, 
Rickover advocated a separate school system starting around fifth 
grade for the top 15-20% of American children. Compared to the 
usual teachers at that time, teachers in these schools would have 
less training in teaching methods, and more training in the areas 
in which they taught. Rickover claimed that such schools were 
necessary to overcome a critical shortage of scientists and engineers, 
a shortage that was especially dangerous because "trained manpower 
has become a weapon in [the] cold war" ("Atomic Submarine Chief," 
1957, p. 124). 
Thus, the eve of the "new math" saw a variety of groups 
interested In mathematics education in our schools. The teaching 
profession as a whole was concerned with the development of the 
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whole child (not just his intellect), with questions of pedagogy 
and with teaching mathematics that would be useful in daily life. 
In contrast to this were intellectual critics who wanted a more 
Intellectual emphasis in the schools, and cold warriors who wanted 
this too, but especially wanted more scientific and technological 
training. Mathematics educators were concerned that children 
understand whatever mathematics they were taught. One of the 
crucial factors in the spread of the "new math" was that it 
contained elements that would make it palatable to all of these 
groups. 
E. The Impact of the War on 
School Mathematics 
Although the War helped to make the general public more aware 
of the importance of mathematics in national defense, mathematicians 
were aware of this importance before the United States entered 
the War. In early 1940, the Mathematical Association of America 
and the American Mathematical Society jointly appointed a War 
Preparedness Committee (Morse, 1941, p. 195), The Committee 
appointed three subcommittees: one to deal with the solution 
of mathematical problems connected with the War, a second to deal 
with the training of mathematicians capable of solving such 
problems, and a third to deal with the mathematical education of 
nonmathematlclans. The first subcommittee obtained the services 
of consultants In each of six Important fields; Bateman in 
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aeronautics, von Neumann In ballistics, Norbert Wiener In computation, 
Engstroffl In cryptanalysls. Fry In Industry, and Wllks In statistics 
(Morse, 1941, pp. 196-198). Wllks was an early American mathematical 
statistician; statistics was being applied In many fields In this 
country long before It became a respectable topic for mathematical 
research (Blrkhoff, 1977, p. 63). 
The subcommittee dealing with the training of applied mathematicians 
was chaired by Marshall Stone of Harvard (Morse, 1941, p. 198). An 
example of the kind of activity It encouraged Is a special program 
begun at Brown University In the summer of 1941 ("News Notes," 1941, 
pp. 330-331). A program In advanced applied mechanics. It Included 
work In numerical and graphical methods, partial differential equations, 
elasticity, and aerodynamics. Of the six staff members mentioned, 
at least four were European. 
The third subcommittee dealt more generally with mathematics 
education. The military was finding that a lack of mathematical 
knowledge, or a lack of ability in applying such knowledge, was 
all too common among its recruits (Atherton, 1941, p. 292; Bacon, 
1941, p. 209). At the same time, a vastly expanded defense industry 
required more technically trained workers. This subcommittee's 
recommendations must have seemed a peculiar amalgam to educators. 
The emphasis on applications and the use of maps and engineering 
drawings (Hart, 1941, p. 299) harked back to Griffin and the 
earlier progressive influences on mathematics education. This is 
not surprising: Griffin was a member of the subcommittee! 
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In other respects, the recommendations were very traditional. There 
was a clear emphasis on computational skill. Also included in the 
recommendations was support for some traditional topics (such as 
solid geometry and spherical trigonometry) that had been falling 
from favor (Hart, 1941, p. 303), and a number of attacks on the 
mathematics-for-social-utility that was then popular in the 
progressive movement (Bacon, 1941, p. 208; Hart, 1941, p. 301). 
On top of all that, there were precursors of the "new math" in 
the recommended inclusion of some newer topics in mathanatics, 
such as vectors, probability, and statistics (Hart, 1941, p. 303). 
The direct impact of the War on mathematics in the public 
schools during the years after the War was modest. The Board of 
Directors of the National Council of Teachers of Mathematics 
appointed a Commission on Post-War Plans to set the direction of 
mathematics education in the post-war years. The Commission issued 
two reports ("First Report," 1944; "Second Report," 1945). The 
reports stressed reform rather than revolution. The First Report 
(p. 227) pointed out that the importance of mathematics had been 
demonstrated by the War. This demonstration had created a positive 
public attitude towards mathematics. Mathematics educators hoped 
to use this positive attitude and the new freedom from the war 
emergency to carry on reforms they had long advocated ("Second 
Report," 1945, p. 619). It was really the social utility of 
mathematics that the War had demonstrated, and the usefulness of 
mathematics continued to be stressed. However, the War contributed 
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much to broadening definitions of "utility." In the years before 
the War, many educators had been looking at the mathematics actually 
used by adults In their dally lives as a guide to what was useful. 
The War made It clear that our lives were highly dependent upon a 
technology based on mathematics, and that our survival could well 
depend on the ability of large numbers of citizens to come to grips 
with that technology and the mathematics underlying it. So, the 
First Report called for "mathematical literacy for all who can 
achieve it" (p. 227). This goal was to be achieved in part by a 
three-track mathematics curriculum in the high school (p. 228). 
One track offered the mathematics needed in modern everyday life— 
what might today be called "consumer math." Another track offered 
mathematical training for employment In modern Industry. The 
recommendations for this track were very similar to those advocated 
by Perry 44 years earlier. Unlike Perry, however, the Commission 
advocated that college-bound students not follow this second track, 
but instead follow an Improved yet traditional college-preparatory 
sequence. This sequence constituted the third track. The Commission 
stressed the Importance of the strength of this track, an importance 
stemming from the Increased need for mathematics in modem Industry 
and technology (p. 231). 
The Second Report broadened the Commission's recommendations, 
and enriched them with more detailed suggestions. For example, 
Brownell's views on the teaching of arithmetic were largely Incorporated 
(pp. 625-631), and the Importance of teacher training stressed 
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(pp. 645-653). Various lessons of the War were noted, but no 
mention was made of any changes In mathematics Itself. The new 
mathematics that had been developed during the nineteenth century 
and during the War reached the schools only gradually and indirectly 
through the colleges. 
F. The Impact of the War on 
College Mathematics 
Although the War had only a minor Impact on mathematics in 
the public schools, it had a much greater Impact on the colleges. 
Carl B. Allendoerfer (1965b, p. 690) has described its Impact 
on college mathematicians. Some of these mathematicians had 
contributed their expertise to the war effort, and in doing so 
became familiar with the newly developed mathematics used by the 
military: linear programming, game theory, statistics, and 
operations research. On returning to the classroom, they were 
struck by the gap between the mathematics of their textbooks and 
the mathematics they had used during the War. To remedy this, 
some of these mathematicians began to devise new courses and textbooks. 
With Cletus Oakley, Allendorfer himself produced some of these 
texts. An early example was Principles of Mathematics (1955). 
Its Preface begins: "This book has been written with the conviction 
that large parts of the standard undergraduate curriculum in 
mathematics are obsolete, and that it is high time that our courses 
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take due advantage of the remarkable advances that have been 
made In mathematics during the past century" (p. v). 
Allendoerfer and Oakley were not the first to attempt such 
reform. The pioneer efforts in this direction were made at the 
University of Chicago. If these efforts were not the first, they 
were certainly the earliest efforts that became well-known to leaders 
in the "new math" movement (May, 1958, p. 93; NCTM, 1970, p. 63; 
Northrop, 1945; Northrop, 1948; Wooton, 1965, p. 7). Northrop 
(1945, pp. 132-133) described the Chicago program as adhering 
to the traditional values of a liberal education, rather than 
stressing the social utility of mathematics, as had been done by 
the late progressives and writers during the War. 
The program was introduced to the College of the University 
of Chicago in 1943 (Northrop, 1945, p. 134). Since students were 
accepted at the College after only two years of high school, the 
program could presuppose only elementary algebra and geometry. 
The Chicago program consisted of a year long mathematics course 
taken by all students. The first third of the course was devoted 
to a study of deductive systems in general, and plane geometry 
in particular. Because of the criticisms of Euclid's approach 
to geometry that had grown during the nineteenth century, the 
Chicago program based Its development of geometry on a set of 
axioms devised by G. D. Birkhoff, and published in 1932 (Northrop, 
1945, p. 135). Birkhoff's axioms were not the first attempt 
to repair the presentation of geometry given by Euclid. 
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In a work published in 1899, David Hllbert carried out Euclid's 
scheme of geometry In a manner consistent with modern standards 
(Boyer, 1968, pp. 657-658). Hllbert's approach, however, was 
aimed at an audience of mathematicians, not beginning students. 
The first modern textbook for students, by G. D. Blrkhoff and Ralph 
Beatley, appeared in 1940 (Curtis et al., 1959, pp. 1.26-1.28). 
Rather than try to avoid number, as Euclid had, Blrkhoff and Beatley 
carried out the suggestion Blrkhoff had made in 1932. It amounted 
to assuming as an axiom that number and geometry could be united, 
and proceeding on that assumption. Since Dedekind had shown this 
could actually be done in an acceptable way, this was a valid 
approach. Blrkhoff did not include Dedekind's work as part of 
geometry. He simply took Dedekind's results as a starting point. 
This enabled Blrkhoff and Beatley to make much more use of algebra 
and arithmetic than Euclid or traditional geometry texts did. 
This resulted in a treatment of the content of Euclidean geometry 
that was up to modern standards, but very different in approach 
from Euclid or Hllbert. This new approach, which was later to be 
adopted by "new math" geometry textbooks, was incorporated into 
the geometry of the Chicago program. 
The second third of that program dealt with algebra. Algebra 
was presented as a deductive structure like geometry, but a 
deductive structure dealing with number systems rather than space. 
Real numbers were Introduced in the manner of Dedekind (Northrop, 
1945, p. 135). The final third of the course dealt with coordinate 
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or analytic geometry (Northrop, 1945, p. 136). This subject had 
grown out of the work of Descartes and others in uniting the 
algebra developed In the fifteenth and sixteenth centuries with 
Greek geometry (Strulk, 1967, pp. 102-103). The rudiments of 
trigonometry were also integrated Into the final third of the 
course (Northrop, 1945, p. 136). 
In subsequent years, the Chicago program grew even more modern. 
The intuitive study of logic that had been part of the material 
on deductive systems was replaced with mathematical logic. A study 
of commutative groups (a branch of modern abstract algebra) replaced 
plane geometry as the introductory example of a deductive system. 
Even using Birkhoff's axioms, it was found difficult to present 
traditional geometry with a satisfactory degree of rigor. As a 
result, such geometry as remained in the course was treated as part 
of analytic geometry (Northrop, 1948, pp. 3-5). The Chicago course 
appeared in textbook form in 1954 (May, 1958, p. 93). By that time, 
however, there were a number of other textbooks available presenting 
mathematics in a modern spirit. It was not the text it produced 
that made the Chicago program Important. It was Important partly 
because it was one early effort to modernize college mathematics 
for nonmath-majors, partly because it was well-known to leaders 
in the later "new math" movement, and partly because it taught 
modern mathematics to college students of high school age. 
The Chicago program was certainly not the first attempt to 
present modern mathematics at the college level. One transitional 
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work was Courant and Robbind' What Is Mathematics? (1941). This 
book presented many modern Ideas at a fairly elementary level. 
This book, however, was not commonly used as a college text. 
Instead, it seems to have been more commonly read (and cited) 
by mathematicians. Its Influence was probably Increased by the fact 
that It remained In print for many years. The author's copy is of the 
fourth edition and twelfth printing, dated 1963. The book was 
still in print in 1975. Courant and Robblns was more a reformist 
text in the Perry/Griffin tradition that happened to Incorporate 
some modem mathematics than it was a "new math" text. In fact, 
we can trace a fairly straight line from Courant and Robblns to 
one of the staunchest critics of the "new math." 
Richard Courant, another expatriate European, was the head 
of the mathematics department and the builder of the Courant 
Institute of Mathematical Sciences at New York University. In 
his book with Robblns, Courant (p. xvll) decried what he saw as 
an overemphasis on deduction in mathematics. This point was pressed 
again later by another professor at the Courant Institute, Morris 
Kline (1969, pp. vil-viil), and still later (1974, Ch. 4) used by 
Kline as one of his main criticisms of the "new math." 
Courant and Robblns appeared in 1941. That same year saw 
the appearance of another text that captured much more of the 
spirit that later infused the "new math": Fundamentals of Mathematics 
by Moses Richardson. Its purpose was to try to give college students 
in the arts and social sciences some understanding of modern mathematics. 
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"While it is assumed that the student has had some previous acquaintance 
with elementary algebra and plane geometry, almost no accurate 
recollection of the details of these subjects is prerequisite for this 
book" (p. vl). Although it may seem ironic that "new math" ideas 
were first presented at the freshman level to students in the arts 
and social sciences, the reason for this is not hard to find. The 
central mathematics course for science and engineering students has 
always been calculus, and courses for these students at lower levels 
have been aimed at preparing the student for calculus. In these 
courses, the student must gain a substantial amount of technical 
proficiency. This need places considerable restrictions on the 
content of a first year college mathematics course that has as one 
of its goals the preparation of students for calculus. A course such 
as Richardson's, on the other hand, may contain virtually anything 
the students who take the course are capable of absorbing. So, 
rather than develop in his students the technical proficiency needed 
for a calculus course they would never take, Richardson tried to 
introduce his students to some of the basic ideas of modern 
mathematics (pp. v-x). Sensible as it sounds, that was a new idea 
in 1941, when freshmen who would never take another mathematics 
course still typically took a course preparing them for the 
calculus they would never take, if they took a mathematics course 
at all. 
Richardson's text was as long-lived as Courant and Robblns'. 
The first edition had reached its seventh printing by 1950. A 
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second edition appeared In 1958, and a third In 1966. After 
Richardson's death, his son prepared a fourth edition In 1973. 
Similar texts that appeared In subsequent years Included Kershner 
and Wilcox, The Anatomy of Mathematics (1950), and E. R. Stabler's 
An Introduction to Mathematical Thought (1953). K. 0. May wrote 
a similar text that was available In a preliminary edition In 
1955 (May, 1958, pp. 93-94). The commercially available version. 
Elements of Modern Mathematics, appeared In 1959. 
As already mentioned, Allendoerfer and Oakley's Principles of 
Mathematics appeared In 1955. If the number of copies of this 
work still seen around today Is any Indication, this text became 
extremely popular, perhaps because It struck a fine balance between 
old and new. There were sections on sets, logic, and abstract 
algebra, representing the new outlook of modern mathematics. There 
was new applied mathematics In the form of an extensive chapter on 
probability and statistics. At the same time, however, there were 
sections on topics such as logarithms, trigonometry, and analytic 
geometry, conanon topics from "old math" courses for the first 
year of college or the last year of high school. Indeed, Principles 
of Mathematics was used as a high school text In the years before 
"new math" texts specifically designed for grade 12 became readily 
available (Kennedy, 1959). It had such textbook-virtues as large 
numbers of examples and exercises, and was written at a more 
accessible level than some of the other books mentioned. In 1959, 
Allendoerfer and Oakley offered even more traditional content In 
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Fundamentals of Freshman Mathematics» This book covered the material 
that traditionally lies between the second year of high school 
algebra and calculus. Although Its content was largely old, the 
viewpoint was clearly modern. It Is probably fair to say that after 
the appearance of Fundamentals of Freshman Mathematics no one could 
cite lack of a suitable text as a reason for not teaching modern 
mathematics In the first year of college. Even those, such as 
engineering schools, who felt a need for the traditional content, 
could now have It In modern garb, while others had a wide range of 
options Involving less traditional content. 
A comparison of the "new math" content of some of the books 
available In the 1950s Is given In Table 1. The table Is not 
Intended to provide exhaustive Information concerning the contents 
of these books, but rather to Illustrate their inclusion of topics 
from modern mathematics not usually Included in college textbooks 
before the mid '50s. By way of comparison, some more traditional 
works have been Included in the table. First there is Griffin's 1936 
Introduction to Mathematical Analysis, an outgrowth of the reforms 
of Moore and Perry. Wade and Taylor's Fundamental Mathematics of twenty 
years later (1956) represents another alternative to the freshman 
course that prepares one for calculus. It follows in the tradition 
of Griffin rather than that of Allendoerfer and Oakley. Finally, 
with editions appearing in 1935, 1941, and 1962, the popular 
Milne-Davis Introductory College Mathematics represents the traditional 
calculus-oriented freshman course in this era. 
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Table 1. Topics covered in "new math" college textbooks 
Topic 
Textbook 12 3 4 5 6 7 
Griffin, 1936® 
Milne and Davis, 1962* X 
Wade and Taylor, 1956* 
Allendoerfer and Oakley, 1955 XXX XX 
Allendoerfer and Oakley, 1959 XXX 
Courant and Robbins, 1941 XX XX 
Kershner and Wilcox, 1950 X X X X X 
Richardson, 1941 XXX XX 
Stabler, 1953 XXX XXX 
Note. The topics are: 
1. Algebra of sets 
2. Modular arithmetic 
3. Deductive systems 
4. Real numbers 
5. Inequalities 
6. Groups 
7. Non-Euclidean geometry. 
*Three traditional texts are included for comparison. 
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The early 19508 saw other changes In the college mathematics 
curriculum as well. Some of the Important new applied branches of 
mathematics began to appear. So-called "finite mathematics" 
courses developed as yet another alternative to the traditional 
first year college mathematics course. A classic text in this area 
was Kemeny, Snell, and Thompson's Introduction to Finite Mathematics 
(1957). In addition to "new math" topics shared with Richardson 
et al., this text included chapters of about 60 pages each on linear 
programming and the theory of games, and on applications of mathematics 
to the social sciences. Textbooks with similar content were often used 
In newly-created mathematics courses for students in business and 
management with various coauthors. Kemeny produced a long string 
of books in this area. 
Another new addition to the college mathematics curriculum 
was statistics. Statistics itself was not new, but its place in the 
college curriculum changed in two Important ways. Initially, 
statistics was a tool subject studied by potential producers or 
consumers of research in specific areas. This gave rise to courses 
such as Educational Statistics or Agricultural Statistics. Gradually, 
the theory underlying statistical methods became a reputable field 
of study for mathematicians, and departments of mathematics began to 
offer broad, lower level courses in statistics. S. S. Wilks of 
Princeton was a pioneer in both these regards. His Elementary 
Statistical Analysis (1948) grew out of a course offered to second-
semester freshmen in the biological and social sciences. It assumed 
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as prerequisite the first half of Griffin's Introduction to Mathematical 
Analysis. This combination provided yet another alternative for 
freshman mathematics. Along with topics from finite mathematics, 
the kinds of statistics covered in Uilk's book often found their 
way into courses for business majors. 
These and other changes became the object of organized professional 
interest in January 1953 when President E. J. McShane of the Mathematical 
Association of America appointed the Committee on the Undergraduate 
Mathematical Program ("Report," 1955). The Committee was specifically 
"directed to consider the problems of making available in our society 
the values of modern mathematics" (p. 511). In its report to the 
MAA, the Committee made it clear that it felt success in curricular 
reform required the involvement not only of teachers, but of leaders 
in mathematical research as well (pp. 511; 518-519). The report 
mentioned the postwar developments in college mathematics described 
earlier. In response to the proliferation of alternate first year 
courses, it advocated a single course Intended to meet all needs. 
Such a course would be very hard to devise, and the Committee's 
plan was not widely adopted. The Committee's report was probably 
more Important as a source of Information rather than inspiration. 
In addition to events already described, the report contained news 
of many other developments not directly relevant to the evolution 
of the "new math," and descriptions (p. 516) of two new calculus 
textbooks worth mentioning here. One, by E. G. Begle of Yale, 
offered "for this level perhaps the most modern treatment of the 
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formal theory available In print." Begle was later to become 
director of the first widely adopted high school "new math" 
program. 
The other noteworthy calculus text was by Karl Menger of 
Illinois Institute of Technology. Born In Vienna In 1902, Menger 
had been In close contact with the famous Vienna Circle of phllosphers, 
scientists, and mathematicians. Much of his own work was along 
the borderline between mathematics and philosophy. Like Dedeklnd, 
his Interest In the foundation of the calculus began when he was 
required to teach the subject, first at the University of Vienna In 
the 1930s, and later to U.S. Navy recruits during World War II 
(Menger, 1979, pp. 161, 168). Menger was another of the European 
mathematicians who came to the United States In the years before 
World War II, and contributed to this country's defense when the 
War came. As a result of his experience teaching calculus, Menger 
concluded that many of his students' difficulties were due to 
Imprécisions In the language of elementary mathematics. His calculus 
text, which first appeared In 1952, was an attempt to solve this 
problem In the area of calculus. Throughout the 1950s, Menger 
produced a variety of articles on problems In mathematics teaching 
that he attributed to Imprecise language and notation (Menger, 
1979, Ch. 8, 10, 12-14, 24-26). This type of problem was to be 
a major concern of the earliest high school level "new math" 
program. 
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On more traditional lines, the Committee expressed its concern 
for the mathematical needs of engineers by appointing yet another 
committee. Jointly appointed with the American Society for Engineering 
Education, the new committee was chaired by George B. Thomas of 
MIT ("Report," 1955, pp. 515-516). Thomas had already produced 
a calculus text geared to the needs of engineers and scientists. 
His text has been used at MIT almost continuously since its first 
appearance, and widely adopted elsewhere. Although his text was 
not particularly modern, Thomas himself was Involved with the 
spread of the "new math" in a variety of other ways. For example, 
his text was used by students in the first high school "new math" 
program at the University of Illinois. 
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V. SECONDARY SCHOOL "NEW MATH" 
A. The University of Illinois Committee on 
School Mathematics (UICSM) 
"New math" in the high school began in Illinois in the early 
19508. It was not a result of college "new math" filtering down 
into the high school. Instead, it grew from the concern so prevalent 
at the time with mathematical training for science and technology. 
The original impetus came from the College of Engineering at the 
University of Illinois. The engineering faculty there realized 
soon after the War that in order to keep pace with the modern world 
engineering students would have to learn more mathematics than 
they had in the past, and learn it earlier in their training (Meserve, 
1953, p. 85). To accomplish this, the College revised its curricula 
in such a way that a student who was not prepared to begin the study 
of analytic geometry immediately upon his arrival at college would 
be handicapped in making normal progress in his college studies. 
At the time these changes were made, it was usual for engineering 
majors to study algebra, trigonometry, and analytic geometry in 
their first year in college, and calculus in their second (Report 
of the Committee on the Undergraduate Mathematical Program, 1955, 
pp. 513-514). The new engineering curricula at Illinois called 
for beginning calculus in the second semester of the freshman year, 
and relegated algebra and trigonometry to the high school (Meserve, 
1953, p. 87). 
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Now, In fact, the new college curricula did not call upon 
the high schools to add to their own curricula, for courses In 
these subjects were already available In the high schools (Meserve, 
1953, pp. 88, 90). However, high school students who planned to 
study engineering at the University of Illinois would probably have 
to take a full four years of college preparatory mathematics in 
high school, and they would have to learn it well. In order to 
help the high schools help such students, a committee was organized 
at the University of Illinois around 1950, and made up of two 
representatives each from the Colleges of Engineering and Education, 
and two from the Department of Mathematics (Meserve, 1953, p. 87). 
In an attempt to help the high schools, this committee prepared 
a list of minimum mathematical competencies needed by college 
engineering students. The list, and the rationale behind it, 
appeared as an issue of the University of Illinois Bulletin 
(Vol. 49, No. 18) in 1951, and in the form of an article in The 
Mathematics Teacher the following year (Henderson & Dlckman, 1952). 
Except for a mention of inequalities (p. 92), the list contained 
nothing that would not have been included in the curriculum for 
the second or third tracks recommended by the Commission on Post-
War Plans. Thus, at the outset in Illinois, there was no hint of 
radically revising the high school curriculum. The only concerns 
were with improving the teaching of the traditional curriculum, 
and improving coordination between high school and college. 
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Encouraged by the success of the cooperative effort that 
produced the list of competencies, the University created the 
University of Illinois Committee on School Mathematics (UICSM) 
In 1951. This Committee, like the earlier one. Included representatives 
from the Colleges of Engineering and Education and the Department 
of Mathematics. It also Included representatives from the University 
High School—the laboratory school associated with the College of 
Éducation (Bidwell & Clason, 1970, p. 656; UICSM, 1957, p. 457). 
UICSM's initial purpose was to develop a mathematics curriculum 
that would be more effective than the traditional curriculum In 
helping students to acquire the minimum competencies listed by the 
UICSM's predecessor committee. However, it was decided at the 
beginning that the new curriculum should not be a special pre-englneerlng 
curriculum, but rather a complete replacement for the traditional 
college-preparatory mathematics sequence. UICSM's first attempt in 
this direction was a freshman course tried experimentally at the 
University of Illinois laboratory school in 1952-1953 (Bldwell & 
Clason, 1970, p. 657). The following year the course was offered 
at two Illinois public schools. By 1958, a full four-year college 
preparatory sequence had been worked out. These courses were being 
offered to 1700 students by 40 teachers in a dozen schools (Beberman, 
1958, p. 2). News of the new program spread to other schools, and 
Max Beberman, who served as the project's director throughout its 
life, was invited to speak on the new program at Harvard in 1958. 
UICSM continued to grow after 1958, but its main Importance was 
103 
the example It had already set for other curriculum development 
projects. 
The UICSM curriculum differed from the traditional In two 
Important ways, one having to do with content, and the other with 
pedagogy (Beberman, 1958). In Its content, the UICSM program stressed 
precise language and careful, thorough explanations of basic concepts. 
It directed Itself to such questions as: 
What Is a number? 
What Is a variable? 
What Is a function? 
What Is an equation? 
What Is geometry? 
The project staff felt that none of these questions were answered 
satisfactorily by conventional textbooks (Bldwell & Clason, 1970, 
p. 657). While UICSM's answers to these questions show little 
evidence of having been Influenced by Menger's similar work, 
Beberman was certainly aware of Menger's work by 1958, when he cited 
one of Menger's books as a source of examples of imprecision of 
language in mathematics teaching (p. 15). 
The specific UICSM language reform that became most widely 
known was the distinction between a number and a numeral. A number 
is an abstract idea, while a numeral is a written symbol for that 
idea. "Ill" and "3" are two different numerals representing the 
same number. Mathematics is very concerned with numbers, but only 
incidentally concerned with numerals. Yet the traditional elementary 
school curriculum is heavily biased toward the manipulation of 
numerals. For example, the techniques we use to determine that 
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147 + 294 - 441 Involve written manipulations of the numerals "147" 
and "294" that would be totally inappropriate if we used the numerals 
"CXLVII" and "CCXCIV" to represent the same numbers. One unfortunate 
consequence of this emphasis is the production of students who 
can find 147 + 294 if asked in school, but are unable to tell in 
a practical situation whether to add, subtract, multiply, or divide 
the relevant numerical data. This reflects an adequate understanding 
of the manipulation of numerals, but an inadequate grasp of the 
number concepts the numerals represent, and of the fundamental number 
operations. The UlCSM program was aimed at preventing this problem, 
and other similar problems in high school mathematics. 
The UICSM reforms mentioned so far might at first appear to be 
directed more at pedagogy than at content. Certainly the reforms 
arose out of problems in pedagogy, but UICSM's means of dealing 
with these problems was to change the content of high school mathematics. 
They felt that the best source of information on how to answer a 
question like "What is a number?" would be a research mathematician 
dealing with the foundations of mathematics (Bidwell & Clason, 
1970, p. 660). Thus, although it is not known whether they actually 
asked him, if UICSM wanted to know what a variable is, Karl Menger 
is precisely the kind of person they would have asked. 
It was this turning to research mathematicians for advice that 
made the UICSM program the first high school "new math" program. 
It had not been customary before this to involve research mathematicians 
in designing the high school curriculum, and involving them led 
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to the inclusion of many topics from modern mathematics In the UICSM 
curriculum. Just some of the "new math" topics pioneered by UICSM 
and mentioned in Beberman's 1958 speech at Harvard were: 
The use of sets. 
The study of numeration in various bases 
The use of frames: 4 » 7. 
Explicit study of the commutative, associative, and 
distributive laws. 
The distinction between an angle and its measure. 
The mathematical study of relations. 
The study of the function concept, defining a function 
as a set of ordered pairs of a particular kind. 
The use of absolute values and inequalities. 
The study of the logical structure of mathematics. 
Trigonometry via the winding function. 
Introduced in order to make high school mathematics clearer and more 
precise, these new topics became common content for many subsequent 
"new math" programs. 
In addition to the changes already noted, UICSM accelerated 
its own classes at the University of Illinois laboratory school so 
that students were starting the program in grade eight, and covering 
half of the calculus text by G. B. Thomas in the twelfth grade 
(Moise, 1962, p. 100). Calculus in the high school was another 
area in which UICSM pioneered. 
In the realm of pedagogy, the UICSM staff advocated learning 
by discovery. More precisely, they advocated what is sometimes 
called "guided discovery," i.e., a teaching method In which content 
and goals are set by the school, but the student works out many 
of the rules and formulae needed along the way. Unlike its introduction 
of modern mathematics into the curriculum, this part of UICSM's program 
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was nothing new. It was a part of the progressive tradition In 
mathematics education, going back to Colburn. Of course, UlCSM 
added some new details of Its own. For one thing, the program was 
very cautious about asking students to verbalize their discoveries. 
This caution, no doubt, came from Gertrude Hendrlx, teacher coordinator 
for the UICSM project. Years before UICSM began, Hendrlx (1947) 
had done some research that suggested that attempts to verbalize 
a discovery might actually Impede assimilation of the discovery. 
As a result, the UICSM program asked teachers to test a child's 
discovery by seeing If the child could apply Its discovery to new 
situations rather than by seeing If the child could verbalize a 
correct conclusion (Beberman, 1958, pp. 26-27). 
Whatever might be said In favor of UICSM's brand of discovery 
learning. It did have the disadvantage of limiting the spread of 
the program. In September of 1957, five years after the first UICSM 
class was taught, only twelve schools were Involved in UICSM, most 
of them In Illinois (UICSM, 1957, p. 457). The same report 
(pp. 464-465) made it clear why the program spread so slowly: it 
Involved a huge amount of work. Teachers working with UICSM spent 
many hours a week preparing for their classes. Each week they wrote 
reports on their work for the project's permanent staff at the 
University of Illinois. Several times a year, these teachers attended 
conferences at the University. Teachers new to the program attended 
even longer conferences in the summer. In addition, members of the 
staff frequently visited participating high schools to supervise 
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teachers and conduct demonstration classes. As the UICSM staff Itself 
admitted, such a program was an unlikely candidate for widespread 
adoption. Its spread was even further Impeded by its unity. "It is 
difficult for a student or teacher to begin the use of UICSM 
materials at any place other than Unit 1. It is equally difficult 
to attempt to use any single unit to supplement other materials 
being used in a school" (Hale, 1961, pp. 617-618). This meant that 
a high school's decision to become involved in UICSM was an all-or-
nothing affair. Although the UICSM materials were not themselves 
suitable for widespread use, they fostered the spread of the "new 
math" by providing a working model and inspiration for the development 
and spread of other programs. 
B. The University of Maryland Mathematics 
Project (UMMaP) 
Some years after the beginning of the UICSM program in Illinois, 
another innovative mathematics program was developed in Maryland. The 
University of Maryland Mathematics Project (UMMaP) was initially 
concerned with the junior high school curriculum. In many respects, 
UMMaP followed the lead of UICSM. The Project had an advisory 
committee made up of representatives of the Departments of Mathematics 
and of Psychology, and the Colleges of Engineering and of Education 
at the University of Maryland. Also, like UICSM, UMMaP received 
financial support from the Carnegie Foundation and relied on close 
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cooperation with schools In which Its materials were used (Keedy, 
1959, p. 157). 
Associate Director M. L. Keedy (1959, pp. 158-159) gave four 
basic principles that shaped the Maryland curriculum. One was an 
emphasis on the precise use of language, in the spirit of earlier 
work by Menger and UICSM. Another was an emphasis on understanding 
rather than rote memorization, and a resulting use of discovery 
learning. Here UMMaP followed a much longer tradition, going back 
to Brownell and Colbum. UMMaP also integrated arithmetic and 
algebra in their program, and emphasized the idea of a mathematical 
structure. One notable difference between UICSM and UMMaP was UMMaP's 
involvement with psychological research relating to issues in 
mathematics education (Keedy, 1959, p. 157). 
UMMaP began its work in the Fall of 1957. In 1958-1959, an 
experimental seventh grade course was taught to about 40 classes. 
In 1958-1959, the seventh grade course was taught to about 100 
classes, and a new eighth grade course to about 30 classes (Garstens 
et al., 1960, pp. 61-62). While UICSM had educational research 
in Its roots, principally in the work of Hendrix, UMMaP made such 
research an integral part of its program. In particular, in the 
words of UMMaP's Associate Director, "The primary goal of the 
project has been to determine maturity levels at which certain 
mathematical concepts can be appropriately taught" (Keedy, 1959, 
p. 157). In line with this goal, UMMaP presented all of the 
algebra normally taught in the ninth grade in their junior high 
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school texts. They also Included on their staff a psychologist 
whose task It was to oversee evaluation of these experimental texts 
(Keedy, 1959, p. 158). 
Like UICSM, UMMaP had not spread very far before larger and 
better financed "new math" programs outdistanced It. The most 
Important of these was the School Mathematics Study Group (SMSG). 
SMSG had Its roots In college "new math" and In the social climate 
of the Cold War. 
C. The Commission on Mathematics of the 
College Entrance Examination Board (CEEB) 
Illinois and Maryland were not the only places In which college 
teachers began to be very concerned with the precollege curriculum. 
As changes took place In the college curriculum, professors began to 
wonder whether the new nature of college mathematics might require 
changes In secondary mathematics. This Issue was raised by Cletus 
Oakley with the Committee on Examinations of the College Entrance 
Examination Board (CEEB) (Allendoerfer, 1965b, p. 690). The CEEB 
had been formed In 1900 to achieve some degree of uniformity In 
college admissions standards. In 1955, Its examinations were used 
by over 700 colleges. These examinations exerted a powerful effect 
on the curriculum of high schools that were especially concerned 
with preparing students for college (Fehr, 1955, p. 343). 
In response to the Issues raised by Oakley, the chairman 
of CEEB's Committee of Examinations, Dean Albert E. Meder, Jr., 
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of Rutgers, consulted with mathematics educator Howard F. Fehr of 
Teachers College, Columbia, and mathematician A. W. Tucker of 
Princeton. Subsequently, the Committee recommended to the CEEB 
that it appoint a commission to study the secondary school mathematics 
curriculum, and make recommendations for its modernization and improve­
ment ("Report of the Commission on Mathematics," 1959, pp. ix-xi). 
Such a commission was appointed in August of 1955. 
It was an unprecedented move on the part of CEEB to attempt 
to alter the high school curriculum. In the past, it had limited 
Itself to trying to test what the high schools actually taught, 
without inquiring whether that was what they in fact should be 
teaching. One of the questions raised at the time was whether 
or not this policy had the effect of impeding curricular reforms. 
Teachers might hesitate to adopt new programs if they felt their 
students' chances for college admission would be based on their 
knowledge of old programs. At the same time, the CEEB was hesitant 
to unilaterally alter its tests. In order to help encourage 
reforms without dictating the high school curriculum through its 
tests, the CEEB established its Commission on Mathematics (Douglas, 
1957, pp. 307-308). 
The CEEB's Commission on Mathematics had 14 members. Five 
were associated with high schools and the rest with universities 
and colleges. Meder, Fehr, and Tucker were all members, as were 
Carl B. Allendoerfer and S. S. Wilks. Around 1956, the Carnegie 
Corporation began to provide financial support for both the 
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CEEB's Commission and the UlCSM project. The Commission on 
Mathematics was well aware of UICSM's work. One or more of its 
meetings were attended by the UICSM's Director, Max Beberman, 
by Herbert E. Vaughn, who was primarily responsible for the 
mathematical content of the UICSM program (Beberman, 1958, p. 2), 
and by David Page, also associated with UICSM. Other visitors 
to meetings were Saunders MacLane, who (with Garrett Blrkhoff) 
brought modern algebra to undergraduate mathematics majors in the 
1940s, John R. Mayor, director of UMMaP, and Edward G. Begle, 
who became director of the School Mathematics Study Group (SMSG). 
The Commission's Report listed a variety of reasons why it felt 
changes were in order in the high school curriculum. Most of these 
reasons amounted to saying that mathematics itself was changing in 
a variety of ways, and these changes should be reflected in the high 
schools. It is important to realize that such thinking represented 
a new development. Prior reforms in high school mathematics had 
been over issues of pedagogy, or over which traditional mathematical 
topics were most worthy of inclusion in the curriculum. The possibility 
of including newly developed mathematics, or of significantly 
altering the mathematical content of established subjects, had 
rarely been broached. Even UICSM had Introduced new mathematics 
only as a means of solving a pedagogical problem. The introduction 
of new mathematics per se had not been one of its primary goals 
(Bldwell & Clason, 1970, p. 660). 
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Among the changes In mathematics cited by the Commission were: 
The creation of new mathematics. 
The reorganization of (or, in Kuhn's sense, the revolution 
in) older mathematics. 
New uses of mathematics, especially in fields where it had 
not been used before. 
In addition, the Commission cited a general need for Improvement 
in mathematical education, and the growing need for mathematically 
trained personnel in science, industry, business, and government. 
The Commission's Report went on to make specific recommendations 
for the senior high school, college-preparatory curriculum. These 
did not call for radical changes in the overall content, but they 
did call for teaching traditional topics from a modern point of view, 
i.e., from the point of view held by many mathematicians as a result 
of the nineteenth century revolutions in mathematics. There were 
also some recommended changes in topics to be covered. In algebra 
these included a shift in emphasis from manipulative skills to 
understanding, the study of sets, inequalities, and functions, and 
of the commutative, associative, and distributive laws. Except for 
functions, which had been creeping into the curriculum at least 
since the turn of the century, all of these topics had only 
entered the curriculum of the first two years of college in the 
preceding two decades. None of these topics were covered by Griffin, 
for example, but they were covered by more modern texts, and often 
Included even in the more traditional college texts of Milne-Davis 
and Wade and Taylor. However, outside of UICSM, these topics 
were rare In high school. In addition, the Commission recommended 
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that deductive reasoning be at least introduced in algebra, although 
they did not advocate that algebra be presented as a deductive 
system. The principal difference between the Commission's recommenda­
tions and the work of the UICSM was that the Commission hardly 
mentioned pedagogy. Their emphasis was on content. It is revealing 
that the Commission illustrated its recommendations by means of 
course outlines and sample texts (for lessons or entire courses), 
whereas UICSM illustrated its recommendations with movies and 
transcripts of actual classroom interaction between teacher and 
student. In its primary concern with content, the Commission was 
closer to the Chicago program than the UICSM or UMMaP. 
I have already described the problems in Euclidean geometry 
that were discovered and analyzed in the nineteenth century, and 
the difficulties that the Chicago program had in trying to present 
plane geometry in a modern rigorous style. UICSM also had difficulties 
with this problem (Moise, 1962, p. 97), and neither they nor the 
Commission found an entirely satisfactory solution. Neither, 
however, was willing to abandon a high school course in plane 
geometry. The Commission did recommend that the high school geometry 
course include some solid geometry and an introduction to analytic 
geometry. 
The Commission's third year course, like the traditional third 
year course, was a continuation of the first year course. In 
addition, the Commission recommended inclusion of elementary 
trigonometry, infinite series (previously a calculus topic), and 
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vectors. In discussing the development of modern abstract algebra, it 
was mentioned that a part of this development was a change in what 
variables might stand for. Originally, variables were used in 
mathematics to represent numbers. In the nineteenth century they 
came to be used to represent a much wider variety of things, including 
vectors. A vector is a kind of generalized number, and the most 
common types of vectors have geometric interpretations as well. 
The Chicago program had considered solving the problem of how to 
present plane geometry by presenting it by means of vectors 
(Northrop, 1948, p. 5). While the Commission did not go this far, 
they did follow Chicago in integrating the formerly separate subject 
of trigonometry with topics in algebra. 
For the first half of the fourth year, the Commission recommended 
further work with sets and functions, leading to the definition of 
a function as a certain sort of set of ordered pairs, as in the 
UICSM program. This was followed by further study of important 
algebraic functions, and of the trigonometric and logarithmic functions 
and their inverses. Except for the vectors suggested for grade 11, 
most of the material suggested thus far for grades 11 and 12 could 
be found in Allendoerfer and Oakley's Principles of Mathematics, 
although some of the traditional topics from graue 11 might require 
fuller treatment in a high school course than they received from 
Allendoerfer and Oakley. 
For the final semester of high school mathematics, the 
Commission offered a number of options. One was an introduction 
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to modern abstract algebra. For this, the Coimlsslon provided 
an outline and references to current and forthcoming books on 
the subject. Another option was a course in probability and statistics. 
It was for this course that the Commission produced Its only complete 
text. The text was written primarily by a group of seven coauthors. 
One of these was S. S. Wllks, a member of the Commission who had 
already pioneered In writing a similar text for first year college 
students. Another coauthor and Commission member was Frederick 
Hosteller, who later taught a similar course on television's 
Continental Classroom ("Continental Classroom," 1960). In addition 
to suggesting new course content, the Commission offered a variety 
of recommendations on preparing teachers to teach the new programs 
it advocated. They made it clear that this would require the 
retraining of teachers already in service as well as changes in the 
contemporary training of future teachers. 
The Commission's report was not published until 1959, although 
preliminary versions were available for some time before that. Once 
the report was published, the Commission lost no time In disseminating 
It. The first free distribution of the report amounted to 39,000 
copies. They went to the members of the NCTM, MAA, and AMS, to 
thousands of school superintendents, and a mailing list of 13,000 
Interested parties that the Commission had accumulated during its 
existence. The Report reiterated (p. 61) the CEEB's desire to 
refrain from changing their tests until the high school curriculum 
began to change. These changes, in both the tests and the curriculum. 
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began to take place In the early 1960s (Myers and Epstein, 1963). 
While these changes were In part due to the Commission's efforts, 
there were other events, external to mathematics education, that 
took place during the Commission's existence, and laid the fertile 
groundwork for an eager reception for the Report. 
D. Sputnik 
The recommendations of the CEEB's Commission on Mathematics 
were unpublished but largely agreed upon by 4 October 1957. On 
that date the Soviet Union put into orbit earth's first artificial 
satellite. Those too young to remember that event may need to be 
told something of the atmosphere in which it took place. To begin 
with, there was the lesson of World War II on the Importance of 
science and technology to modern society, and to national security 
in particular. The January 1953 issue of The Mathematics Teacher 
was devoted to the growing importance of mathematics in engineering, 
industry, business, and the skilled trades. Mathematics educators 
began to publicly attack the decline of mathematics in the schools 
(Betz, 1950; May, 1954). At the same time, the Soviet Union 
was Increasingly viewed as a potential enemy. For example, one 
of the articles from the 1953 issue of The Mathematics Teacher 
Just mentioned stated that "competence in mathematics widespread 
among our people is essential for the preservation of our society" 
because "great forces are abroad in the world which seek to destroy 
our way of life" ("Education Committee," 1953, p. 3). Gertrude 
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Hendrlx of UICSM referred in 1961 (pp. 292-293) to the United States 
as "a free society whose existence is threatened by rapidly 
Increasing scientific and technical power in the land of an enemy." 
Admiral H. G. Rlckover said that, "No matter what methods are chosen 
in the duel between the communist and the free world, education will, 
in the final analysis, determine the outcome" ("Atomic Submarine 
Chief," 1957, p. 124). 
As a result of this social climate, support for mathematics 
education began to grow in the early 1950s (Duren, 1956, p. 514). 
At the same time, however, Americans tended to accept without question 
their country's technological superiority. The launching of Sputnik 1 
make it Impossible to leave that assumption unquestioned, and greatly 
accelerated Interest in scientific and mathematical training became 
widespread among the public. Articles began to appear (e.g., 
Caldwell, 1959) on the subject of scientific education in the Soviet 
Union. At the same time, the public was just beginning to become 
aware of the "new math." Time had reported on UICSM in the summer 
of 1956 ("Math and Tlcktacktoe," 1956). Saturday Review carried 
stories on UICSM and the Commission on Mathematics in November of 
1957 (Lear, 1957; Rowan, 1957). In the same month, Henry Van Engen, 
a member of the Commission, reported on Its conclusions to the 
annual convention of the Central Association of Science and Mathematics 
Teachers. Van Engen's report was published in School Science 
and Mathematics a few months later, bringing news of the Commission's 
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work to a national audience of mathematics teachers (Van Engen, 
1958, p. 277). 
Growing concern about the training of technical manpower also 
led to a National Science Foundation sponsored conference on the 
production of research mathematicians at the University of Chicago 
In February of 1958. The conference was attended by the heads of 
15 college mathematics departments (Albert, 1958, p. 195), Including 
a majority of the most prestigious Ph.D. producing departments. 
The conferees felt that the bottleneck In the production of more 
mathematicians lay not In the universities, but In the public schools 
(Wooton, 1965, pp. 9-10). They were aware of reform movements already 
under way that might remedy the problem, but they were dissatisfied 
that most of these efforts were merely local. As a result, they 
adopted a resolution asking that the principal organization representing 
research mathematicians, the American Mathematical Society (AMS), 
appoint a committee to deal with the problems of pre-college 
mathematics on a nationwide scale. 
At the time of this resolution the NSF had already scheduled 
a meeting of mathematicians for just this purpose In Cambridge, 
Massachusetts, only a week after the Chicago conference. Cambridge 
had been chosen because It was the site of another curriculum 
reform program already under way: the Physical Science Study Committee 
(PSSC), directed by Jerrold Zacharlas of MIT. 
The PSSC had grown out of Informal meetings among college 
physicists in Cambridge early In 1956 (Little, 1959, p. 167). 
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At first Interested only in preparing supplementary material for 
the high school classroom, these physicists soon concluded that 
available high school physics textbooks were woefully inadequate. 
To remedy this, PSSC was formed, made up of college and Industrial 
physicists, high school physics teachers, and educators (Little, 
1959, pp. 167-168). Work on the new text materials was begun, and 
the new materials were tried out In five high schools during 1957-
1958. 
The mathematicians meeting In Cambridge listened to representa­
tives of PSSC discuss their experience with curriculum reform, 
and a representative of the CEEB's Commission on Mathematics discuss 
the Commission's recommendations. They then reaffirmed the resolution 
adopted the previous week In Chicago, and made specific suggestions 
as to what the AMS committee might do. In particular, they suggested 
that It follow the example of PSSC by preparing a new curriculum. 
This curriculum was to cover grades seven through twelve, and be 
worked out by writing teams of mathematicians and teachers meeting 
during the summer (Wooton, 1965, p. 11). This writing scheme too 
followed the PSSC practice. 
The response of the AMS to the resolutions approved by these 
meetings was cautious. Since the founding of the Mathematical 
Association of America and the National Council of Teachers of 
Mathematics, the AMS had left college and precollege mathematics 
education to these organizations respectively. However, after 
conferring with the Council of the AMS, and the presidents of 
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the MAA and NCTM, President Richard Brauer of the AMS appointed the 
suggested committee in April of 1958 (Wooton, 1965, p. 12). The 
committee was made up of eight university professors, three of whom 
(Meder, Van Engen, and Wilks) had been members of the CEEB's 
Cotmission on Mathematics. The committee met but once, for the 
purpose of setting up a permanent organization to carry out the 
suggestions of the conference in Cambridge. Yale University agreed 
to provide institutional sponsorship, and so the new School Mathematics 
Study Group was headquartered there under the direction of E. G. 
Begle. 
E. The School Mathematics Study Group (SMSG) 
Edward Griffith Begle was trained as a mathematician at the 
University of Michigan and at Princeton. His Ph.D. dissertation 
was in topology, one of the new branches of mathematics that appeared 
during the nineteenth century. The father of seven children, 
Begle got involved in precollege mathematics as a result of helping 
his daughter with her homework. He found the textbook she was 
using "so revolting that I had to do something" ("California 
Gold Rush," 1961, p. 59). 
The first thing Begle did, as Director of SMSG, was to set in 
motion a process that would ultimately produce dozens of new 
textbooks to replace those he found so revolting. It was to 
become SMSG policy "that curriculum revision not supplemented by 
sample material for classroom use will wither and die on the vine" 
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(Begle, 1958, p. 617). That sample material took the form of 
textbooks. 
Textbooks have a peculiar power in American education. In 
principle, many teachers or school systems have the power to adopt 
any text they find suitable. In practice, however, the nature of 
the texts available is strongly influenced by state curriculum 
committees and departments of education (Fehr, 1955, p. 342). 
Textbook publishers try to follow the curriculum guides prepared 
by these agencies so as to make their texts as salable as possible. 
Although state agencies strongly influence the content of textbooks, 
in most states they do not choose the specific books to be used. 
Because of their indirect effect on publishers, state agencies tend 
to produce a uniformity among textbooks, and to discourage radical 
innovations. On the other hand, the fact that state agencies do 
not usually directly control choice of texts leaves some flexibility 
for innovation. SMSG took advantage of this by producing textbooks 
themselves, outside the publishing industry, and selling the books 
directly to schools. Since in practice it is usually the text 
that determines what is taught, this scheme gave SMSG an immediate 
impact on schools—or at least some schools. 
The SMSG texts were developed in the pattern that had been 
pioneered by PSSC in the summer of 1957 (Little, 1959, p. 168), 
i.e., it gathered both high school teachers and college mathematicians 
to work together in producing the new texts. Although SMSG was 
not formed until the spring of 1958, Begle brought together more 
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than 40 writers at Yale in June 1958, half from colleges, and half 
from high schools. Their purpose was to produce outlines for a full 
series of college preparatory secondary school mathematics texts 
(Wooton, 1965, pp. 16-19). Although the Report of the Commission on 
Mathematics of the College Entrance Examination Board had not yet been 
published, preliminary versions were available to participants In 
the writing session. It was agreed to take the Commission's 
proposed curriculum as a starting point in the development of 
SMSG's own curriculum (Molse, 1962, p. 87). Some Commission members 
attended the first writing session (Wooton, 1965, p. 18), and when 
SMSG's work was completed, a representative of the Commission reported 
that SMSG "accepted in essence the recommendations of the Commission" 
(Hlavaty, 1961, p. 29). These initial meetings were also attended 
by representatives of UICSM and UMMaP, who described for those in 
attendance the methods that they had used in producing their own 
text materials (Wooton, 1965, p. 18). 
With the experiences of earlier groups as a starting point, SMSG 
was ready to begin its own work. The writing session participants 
divided into five groups, one for each year of high school, and a 
fifth group to work on the Junior high school curriculum. The 
chairman of the latter group was John R. Mayor, who was also 
director of UMMaP. Because of the head start provided by UMMaP's 
earlier work, the junior high school group moved farthest that 
summer, producing a number of single-topic units for classroom 
trial (Wooton, 1965, p. 19). The units produced Included units 
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on probability, statistics, numeration, informal geometry, and 
mathematical systems. While borrowing heavily from UMMaP materials, 
the SNSG units differed in containing no algebra (Wooton, 1965, 
pp. 21-24). 
SMSG went to great lengths to back up the classroom trial 
of its junior high school units. Each participating school was 
provided with a mathematician as a part-time consultant. The lack 
of availability of a sufficient number of such consultants was the 
main factor limiting the number of schools in which the units were 
tried. SMSG provided the texts at no cost to the school systems, 
paid for the mathematical consultant, and paid participating teachers 
two days per month in salary for their extra effort in using the 
experimental units. In addition, SMSG paid for a conference in 
Washington, D.C., in November 1958, at which participating teachers 
had an opportunity to meet with representatives of SMSG and 
teachers participating in the UMMaP program (Wooton, 1965, pp. 46-48). 
This level of support required a great deal of money, and in 
its means of financial support SMSG differed from its predecessors. 
UICSM, UMMaP, and the Commission on Mathematics of the CEEB had 
all been supported by grants from the Carnegie Corporation. The 
oldest and most widespread of these, UICSM, received about $500,000 
over the period 1956-1962 (Beberman, 1959, p. 165). SMSG, in 
contrast to these programs, but like PSSC (Little, 1959, p. 167), 
was supported by the National Science Foundation (NSF), an agency 
of the U.S. government. NSF provided SMSG with $100,000 in May 1958, 
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$1,200,000 four months later, $1,700,000 in January 1960, and 
another $1,184,200 the following year (Wooton, 1965, pp. 13, 45, 97, 
and 107). 
SMSG's first summer writing session did not produce any 
classroom-ready materials for the senior high school. It did achieve 
its goal of making outlines for texts, and produced a few sample 
sections (Wooton, 1965, p. 41). During the following school year, 
groups in Minnesota and Connecticut worked on a draft of the ninth 
grade algebra text. During the spring of 1959, Edwin Moise obtained 
a leave-of-absence for the second semester from the University of 
Michigan to work on a draft of a tenth grade geometry text (Wooton, 
1965, p. 55). 
The summer of 1959 saw two SMSG writing sessions. A junior 
high school team meeting at the University of Michigan at Ann Arbor 
produced a seventh grade text, further experimental units for grade 
eight, and teachers' guides to accompany these. Another team at 
the University of Colorado at Boulder produced texts for grades 
nine through twelve and teachers' guides for most of these 
(Wooton, 1965, pp. 58-75). In content, the high school texts 
were generally consistent with the outline provided by the Commission 
on Mathematics of the CEEB. The one major difference came in the 
second half of grade twelve. The Commission had suggested two 
specific alternatives: "Introduction to Probability with Statistical 
Applications" and "Introduction to Modern Algebra" ("Report," 1959, 
pp. 44-46). The Comnission had Itself provided a sample text for 
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the first of these, and it was originally SMSG's Intention to 
provide a sample text for the second. Instead, it produced a text 
on matrix algebra (Wooton, 1965, p. 73). 
The SMSG texts for grades seven through twelve were used by 
26,000 students during the 1959-1960 school year (Wooton, 1965, 
p. 82). This suggests about 1000 classes. UMMaP's seventh grade 
course was taught in about 100 classes and its eight grade course 
in about 30 classes during the same year (Garstens et al., 1960, 
p. 62). This suggests around 3000 students. In the nearest school 
year for which data is available (1957-1958), UICSM materials were being 
used by about 1700 students (UICSM, 1957, p. 457). This was the 
sixth year in which UICSM was testing materials in the classroom. 
Thus, the activities of SMSG brought about a rapid increase in the 
rate at which curriculum reform in mathematics was reaching classrooms. 
SMSG's rapid spread was more than a matter of huge writing teams 
and multi-million-dollar budgets. SMSG texts could be assimilated by 
the schools more rapidly than the UICSM texts because they represented 
a less radical break with tradition. A comparison of representative 
texts from both groups will help to make this clear. 
As an example, let us compare the UICSM and SMSG Algebra I texts: 
High School Mathematics: Course 1 (Beberman & Vaughan, 1964) and 
First Course in Algebra (SMSG, 1961a). To begin with, let us 
r 
examine some points on which the two were similar to each other, 
but different from traditional texts. Both the UICSM and the SMSG 
text distinguish between numbers and numerals. Both utilize the 
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number line and the language of sets. Both stress the field axioms, 
such as the commutative, associative, and distributive laws, and 
use these to give some deductive structure to algebra. However, 
the emphasis on this is very slight compared to the emphasis on 
deduction in a traditional geometry course. Both texts cover 
Inequalities and provide modem, though different, treatments of 
variables. On the other hand, probably 90% of the content of 
these texts was material that had long been a part of elementary 
algebra (Beberman, 1962). 
By way of differences, the SMSG texts were deliberately made 
independent of one another, so that a school or class could adopt 
a single text without adopting the entire series (Wooton, 1965, 
pp. 39-40). For the UICSM materials, the only viable plan was to 
adopt the entire series, starting with Unit 1 (Hale, 1961, pp. 617-
618). In addition, the UICSM series used a vocabulary and symbolism 
much more obviously Influenced by twentieth century investigations 
into the foundations of mathematics. This vocabulary and symbolism 
would not be familiar to many high school mathematics teachers, 
and learning it would require extra work on their part. We have 
already seen that the earliest UICSM materials made immense 
demands on teachers. Although High School Mathematics; Course 1 
is a commercial text intended for schools that would not work in 
close cooperation with UICSM, it still retains some of the 
pedagogical flavor of the early UICSM materials. A strong attempt 
is made to make definitions and axioms intuitively plausible. 
127 
A famous example Is the rather complicated development of the rule 
for determining the sign of the product of two negative numbers 
(Beberman & Vaughan, 1964, pp. 42-46). In contrast. First Course 
In Algebra (SMSG, 1961a, pp. 145-146) shows that the rule follows 
from the commutative and distributive laws, giving a very brief 
and logical rather than intuitive development. 
We have also seen that teaching by discovery was an important 
part of the early UICSM materials. Both SMSG and UICSM attempted 
to incorporate discovery learning into their texts, but SMSG did 
so in a way that would clearly have been unacceptable to UICSM. The 
authors of SMSG's text would often suggest that a student formulate 
a generalization from a number of examples, and then give their own 
formulation in the next sentence (e.g., SMSG, 1961a, p. 24). 
UICSM's position: "Too many texts have a series of discovery 
exercises followed Immediately by a statement of the thing to be 
discovered. Thus, there is no real reason for the student to think" 
(Hale, 1961, p. 616). "When we hope that a student will invent a 
short cut as a result of his work on, say, page 18, we do not give 
the game away by stating the shortcut on page 19, or page 20, or 
anywhere in the textbook for that matter" (Beberman, 1959, p. 166). 
The above analysis is based on an examination of texts and 
other printed materials from SMSG and UICSM. Another comparison 
was published in 1962 by Ross Taylor, a high school teacher who 
was simultaneously teaching the first year high school courses of 
these two programs. Since the discovery approach is often criticized 
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as being too slow. It Is Interesting to note that Taylor found the 
opposite to be true (pp. 479-480). The fact that his UICSM students 
discovered a fair amount of algebra for themselves in the course of 
doing the text exercises left Taylor time to cover more material 
in class. Taylor also felt that the UICSM course was more careful 
to introduce only one new Idea at a time, and to provide adequate 
drill exercises. The SMSG exercises, on the other hand, were more 
likely to stimulate interesting class discussions. Taylor also 
(p. 480) compared the teacher commentaries provided for the two 
courses. While the SMSG commentary concentrated on problems of 
teaching the mathematics in the student text, the UICSM commentary 
sought to teach the teacher additional mathematics beyond that 
taught to the student. 
There is another difference between the full four-year programs 
of UICSM and SMSG that is harder to describe. We have seen that 
UICSM initiated the distinction between number and numeral in high 
school mathematics, and that SMSG adopted this distinction in its 
beginning algebra text. However, UICSM pursued such distinctions 
further and more consistently. Furthermore, these distinctions 
were not simple examples of pedantry, but were in fact woven into 
the entire presentation. Let us look at some simple examples of 
how the number-numeral distinction might Influence the teaching of 
arithmetic. 
One way to describe the broader issue involved here is in 
terms of a coiltrast between mathematics and "penmanship." 
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Learning about the numeral "3" Is part of penmanship; learning 
about the number It represents is a part of mathematics. Another 
bit of penmanship is the "Invert and multiply" rule for division 
of fractions, which says, for example, that 3/5 * 4/5 - 3/5 x 5/4. 
That this Is a principle of penmanship can be seen by restating 
the same example using different numerals: 0.6 •* 0.8 > 0.6 x 1.25. 
The idea of "Inversion" is something that applies to the numeral 4/5, but 
not to the numeral 0.8, nor to the number that both these numerals 
represent. Thus, "Invert and multiply" Is a principle of penmanship. A 
corresponding mathematical principle states that the quotient of two 
numbers is equal to the product of the first with the reciprocal of the 
second, or a + b is equal to a x 1/b. Of course, we have to have a 
mathematical definition of "reciprocal": two numbers are reciprocals 
of one another if their product is 1. Now 3/5 • 4/5 equals 3/5 x 5/4 and 
0.6 t 0.8 " 0.6 X 1.25 are both examples (one example expressed 
in two different systems of notation) of this principle, for 4/5 and 
5/4 are reciprocals because 4/5 x 5/4 - 1. (This fact can be 
expressed equally well in decimal numerals: 0.8 x 1.25 - 1.) 
This example leads to another if pursued. In actually finding 
the quotient of 3/5 and 4/5, the calculations might look like: 
1.25 
3/5 • 4/5 " 3 / t  X $ / A  "  3/4 or x 0.6 . 
.750 
Both of these calculations determine the same mathematical 
fact. Any differences between them arise from the two different 
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systems of numeration (common and decimal fractions) used. The 
calculation expressed in common fractions Includes a further principle 
of penmanship called "cancelling." The corresponding mathematical 
principle is 
ac a 
be " b 
of which 
21 3 
28 • 4 
is an example. Students who think in terms of crossing out the 
same thing on top and bottom of a fraction have difficult seeing 
what Is wrong with 
H - i 
or, in algebra, 
i + 1 . 1 
TT3 8 • 
Traditional programs in both arithmetic and algebra, in UICSM's view, 
stressed the penmanship, or symbol manipulation, aspects at the 
expense of the mathematical aspects (Beberman, 1959, p. 163). 
Furthermore, excessive drill in the manipulation of symbols whose 
meaning is not clearly understood may have the paradoxical and 
surprising effect of inducing errors in purely manipulative tasks. 
As an example of a topic in algebra where these issues become 
extremely important let us consider the case of a student who 
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has been drilled In a traditional program to transform the left 
Into the right side of the equations: 
/aV - ab 
One Issue here Is that these transformations are Incorrect If a 
Is negative and b Is not, a fact that many traditional texts do not 
even mention. The transformation Is based on the rule 
which Is false If a Is negative. One solution to this problem, 
probably the most common approach today. Is to simply state that 
the equation Is true only when a Is not negative. This approach 
has the disadvantage that In applied mathematics nature is not 
always so kind as to provide us with quantities that are never 
negative. A better approach is to present the more general rule 
which Is true for all real numbers. This Is In fact done in the 
first year textbooks of both SMSG and UICSM (Beberman & Vaughan, 
1964, pp. 565-566; SMSG, 1961a, p. 292). 
If one's goal is simply to present correct mathematics, one 
/ 2 
chooses one of these solutions to the problems of / a and that 
is the end of it. While most "new math" programs would stop there. 
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it was typical of the UICSM approach to look further Into the educational 
and psychological implications of a situation such as this. Molse 
(1962, pp. 91-93), for example, has described his frustrations in 
explaining 
to college freshmen. In the course of the dialog it became clear 
that the students had an unclear idea of the nature of a variable, and, 
worse, that they regarded algebra as the study of the manipulation 
of letters, and not as a generalization of arithmetic. An excessive 
emphasis on manipulative skills, then, may not only be a less than 
optimum route to understanding, it may in fact invite misunderstanding. 
In fact, it may invite many misunderstandings. Students who are 
taught 
and iw exercises reinforcing the fact that this is not true if a is 
negative. They are, in effect, trained not to think about whether 
a is negative, and the training is almost always successful. 
Although the textbook author has escaped censure for telling mathematical 
lies by inserting the qualification that a must not be negative, the 
student behaves just as he would have if the qualification had been 
omitted. Furthermore, the student who is strongly drilled in 
transformations such as 
are usually given many drill exercises reinforcing 
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Zâ^ - ab 
soon produces such original transformations as 
/a^ + b^ - a + b 
If one thinks of algebra as the transformation of written symbols, 
this last transformation seems quite reasonable, by analogy with the 
transformation Just above it. If one thinks of a and b as representing 
numbers, then It Is clearly false (unless one of a or b represents 
zero and the other represents a number which Is not negative). 
This example has been developed at some length because It 
Is Important to realize that UICSM did not Initially set Itself the 
goal of teaching modern mathematics. Instead, It set out to build 
understanding, and to avoid the kinds of misunderstandings discussed 
above. In the course of so doing, it found modern mathematics helpful 
(Bidwell & Clason, 1970, pp. 659-660). Students seemed to frequently 
have misconceptions about the nature of a variable. UICSM devoted 
much attention to clarifying this concept. Students sometimes seemed 
to think of algebra as being about symbols (letters, such as x, y, z), 
rather than about the numbers these symbols represent. UICSM introduced 
the number-numeral distinction to high school mathematics. UICSM 
went far beyond other "new math" programs in its use of modern 
developments in mathematics as solutions to pedagogical problems, and 
in the depth of its analysis of student understanding in mathematics. 
At the same time, the subtlety and sophistication of its approach to 
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these Issues made it a program that could only spread slowly and 
gradually. SMSG much better met the need for an immediate and 
widespread reform of high school mathematics. 
Before ending this comparison of the UICSM and SMSG programs, 
let us examine the point at which SMSG was farthest from the 
spirit of UICSM. This occurred in SMSG's textbook in linear algebra. 
Perhaps SMSG's greatest deviation occurred here because UICSM did 
not produce a text in linear algebra, and thus provided no guidance 
for later authors, as it had with its first year algebra course. In 
any case, whatever their cause, the differences were dramatic. 
Described from a perspective consistent with the ideals of UICSM, 
linear algebra is the study of certain mathematical entities 
called "linear transformations." These transformations are abstract 
ideas having an intuitive geometric interpretation, much as the 
mathematical idea of "content" or "measure" has geometric interpreta­
tions in terms of length, area, and volume. Finally, there are 
tabular arrays of numerals called "matrices" which are used in 
performing computations concerning linear transformations. 
The UICSM philosophy would call for stressing the transformation 
concept and its intuitive geometric interpretation, and deemphasizing 
manipulations with matrices. From this viewpoint, the transformations 
are analogous to numbers, and the matrices to numerals. Although 
UICSM did not produce text materials in linear algebra from this 
(or any other) perspective, others did. Perhaps the most extreme 
was Emil Artin's Geometric Algebra. After describing the relationship 
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between linear transformations and matrices, Artin says: 
Mathematical education is still suffering from the 
enthusiasms which the discovery of this [relationship] 
...has aroused. The result has been that geometry was 
eliminated and replaced by computations. Instead of the 
Intuitive maps of a space...[having] an immediate 
geometric meaning, matrices have been introduced. From 
the innumerable absurdities—from a pedagogical point of 
view—let me point out one. (Artin, 1957, p. 13) 
Artin goes on to illustrate how a certain fact of linear algebra 
sounds when described in terms of the appearance of the matrix 
representation, i.e., in terms of penmanship. fails to hide his 
contempt for that approach, and ends by saying, "The student will 
of course learn all this since he will fail the course if he does 
not" (Artin, 1957, p. 13). He then describes the same fact from 
the point of view of the transformation f, and concludes as follows: 
Having thus motivated the problem, the matrix... 
describing f will enter only for a moment for the 
actual computation.... It should disappear again. 
Then one proves all the customary theorems without 
ever talking of matrices. (Artin, 1957, p. 13) 
SMSG's approach to linear algebra was precisely the approach 
Artin condemned, as is apparent from its title: Introduction to 
Matrix Algebra. On page 3, it defines matrices. 
Let us focus our attention on the arrays of numbers 
in the last two examples: 
68 280 52 109 
52 194 29 60 13 18 20 
60 228 51 70 2 3 4 
63 241 38 72 
Such arrays of entries are called matrices (singular: 
matrix). Thus a matrix is a rectangular array of entries 
appearing in rows and columns (SMSG, 1961c, p. 3) 
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To begin with, this discussion abandons the number/numeral distinction 
SMSG had adopted in First Course in Algebra, for it is clearly the 
symbols printed on the page (numerals) that are arranged is a 
rectangular array, not the concepts they represent in our minds. 
Furthermore, matrices are defined in terms of these symbols, so that 
they become concepts of penmanship rather than of mathematics. 
In fact, matrices are a sort of higher level numeral representing 
the concept of a linear transformation. Now, though matrices are 
defined on page 3 of the SMSG text, linear transformations are not 
defined until p. 190 (out of 229 pages in all). The intervening 
187 pages are devoted to manipulating matrices. There is no doubt 
how UICSM would react to this: 
Even though the proper subject matter of mathematics 
consists of abstractions, the teaching of mathematics 
is largely characterized by attempts to teach children 
efficient methods for manipulating symbols without giving 
children sufficient experience to become aware of the 
abstractions denoted by the symbols. (Beberman, 1959, 
p. 163) 
In summary, then, it is probably fair to say that the 
SMSG materials represented a more moderate "new math" program than 
the UICSM materials. The SMSG materials were more traditional 
in their pedagogy, terminology, and symbolism. Intentionally or 
not, this moderation no doubt facilitated the rapid and widespread 
adoption of SMSG's texts. It Is also true that the SMSG materials 
lacked a consistent underlying philosophy. Some texts were 
consistent with the philosophy of UICSM, while others were 
diametrically opposed. 
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Even though SMSG did not entirely follow UICSM, the national 
publicity It focused on mathematics education probably Indirectly 
aided the spread of UICSM ideas. During the 1960-61 school year, 
over 28,000 students were using UICSM materials (Hale, 1961, p. 617), 
an increase by a factor of 16 over 1957-58. SMSG's growth was even 
more spectacular. In 1960-1961, it sold 140,000 books, and it sold 
more than twice that number the following school year ("California 
Gold Rush," 1961, p. 59). By 1968, total sales of SMSG texts 
had reached 4,000,000 (Begle, 1968, p. 244). By the mid-1960's, 
publication of UICSM and SMSG text materials had been taken over by 
commercial publishers. In addition, commercial publishers began to 
offer their own "new math" textbooks. 
One example is the popular series published by Houghton-Mifflin 
and generally associated with the name of Mary Dolciani. By the 
mid-1960s, this had become the best Felling series of high school 
mathematics textbooks ("New Math Book Sales," 1965, p. 119). To 
take one example from this series, the eleventh grade text Modern 
Algebra and Trigonometry was coauthored by Dolciani, Simon Berman, 
and William Wooton. The editorial advisor was Albert Meder. 
Dolciani and Wooton were members of SMSG, while Meder served on 
Its advisory committee. Meder had also been Executive Director 
of the Commission on Mathematics of the CEEB (Dolciani, Berman, 
and Wooton, 1963, p. Iv). Table 2 compares the Dolciani text 
with the corresponding text from SMSG. Topics included in both 
and also normally included in more traditional texts have not been 
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Table 2. Comparison of two eleventh grade "new math" texts 
SMSG, 1961b Dolcianl et al.. 1963 
Modern Treatment of Variables NO / 
Number Systems of Mathematics / NO 
Deductive Systems and Proofs / / 
Sets / / 
Linear and Quadratic 
Functions and Their Graphs / / 
Inequalities / / 
Vectors / / 
Infinite Series / / 
Matrices NO / 
Probability NO / 
Function as a Set of 
Ordered Pairs NO / 
Natural Logarithms / NO 
Groups / NO 
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Included in the comparison. Unlike the corresponding UICSM text, 
the SMSG and Dolciani texts were written so that they could be used 
by students who had not studied a "new math" program in grades nine 
and ten. Dolciani et al. accomplished this by presenting such 
topics as sets and a modern conception of variables at the beginning. 
The SMSG text does not do so, and as a result ignores or deemphaslzee 
these ideas. Another difference worth noting is that the SMSG text 
Includes some materials on groups. This was probably Intended as 
an introduction to the projected twelfth grade text on modern 
abstract algebra. As we have seen, this text never materialized, 
and SMSG instead produced a text on matrix algebra. The Dolciani 
text reflects this change. The treatment of matrices by Dolciani et 
al. is even less in the spirit of UICSM than was SMSG's. Linear 
transformations are not even mentioned, nor is any other interpre­
tation or application of matrices outside of algebra. 
F. Other Programs 
There were additional "new math" projects at the secondary 
level besides SMSG, UMMaP, and UICSM. One of the smaller early 
projects was the Ball State Teachers College Experimental Program. 
The text materials for this program were prepared by Merrill Shanks, 
Charles Brumfiel, and Robert Elcholz. They started the project 
with a text on geometry, begun In 1955 (Brumfiel et al., 1960, 
p. 75). 
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The modernization of high school geometry presented much more 
serious problems than the modernization of high school algebra. We 
have already seen that the early Greek geometers had difficulties 
coordinating the realm of geometry with the realm of number. In geometry 
as presented by Euclid, this problem is circumvented by remaining 
entirely within the realm of geometry. To do this requires an elaborate 
and complex theory that allows one to deal with lengths and areas without 
attaching numbers to them. As geometry gradually became a high school 
rather than a college subject, and as the high school program was adapted 
to meet the needs of an ever increasing proportion of the population, 
Euclid's theory of geometric magnitudes disappeared from the high 
school. The difficulties discovered by the early Greek geometers 
were simply ignored. Thus, tenth grade geometry became, in a sense, 
pre-Euclidean geometry. 
Of course, it is often necessary to ignore theoretical problems 
in presenting a subject to beginners. In this case, however, the 
problem was complicated by the fact that, even in its watered-down 
form, geometry continued to be presented as the principal example 
of a deductive system, and a model of precise reasoning. The 
situation was further complicated by the discovery and study in 
the nineteenth century of serious flaws in Euclid's own presentation 
(Meder, 1958b). 
Thus, in the twentieth century, when mathematicians turned 
their attention to high school mathematics, some found the traditional 
geometry program most disturbing. These mathematicians considered 
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deductive structure to be the hallmark of mathematics, yet in the 
high schools, the only attempt to present mathematics deductively 
was in geometry, and here the presentation was not even up to the 
standards of 300 B.C., to say nothing of 1900 A.D. 
We have already examined the unsuccessful attempts to deal with 
this problem at Chicago by basing geometry on the axioms provided 
by Blrkhoff. By 1962, UlCSM had tried three different approaches 
to high school geometry, and was not satisfied with any of them 
(Moise, 1962, p. 97). The Dolciani text series also included 
three different texts reflecting different approaches to geometry. 
In 1959, the Commission on Mathematics had already expressed dis­
satisfaction with existing texts, and made suggestions for reforming 
the traditional program ("Report," 1959, pp. 22-28). The suggestions 
involved reducing the emphasis on deductive structure in geometry. 
Only the more important theorems would be proved. Theorems whose 
traditional proofs could not easily be brought up to modern standards 
would simply be presented without proof. 
This approach is similar to that used in college calculus, and 
to the approach the Commission advocated In algebra. It did not 
catch on. SMSG adapted Blrkhoff's approach, maintaining the 
deductive structure of geometry, but presenting It in modern 
form. UICSM adopted a similar approach In their fourth attempt 
at a satisfactory geometry program. The Ball State Program used 
Blrkhoff's ideas, but remained much closer to Euclid (Moise, 1962, 
p. 97). Whereas Blrkhoff and SMSG introduced number into geometry. 
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and then used It as much as possible (Curtis et al., 1959, p. 1.28), 
the Ball State program appears to have used it as little as possible. 
Rather than replacing Euclid with a more modern approach, their goal 
was to present "Euclid made precise and rigorous according to the 
standards of modern mathematics" (Brumflel et al., 1960, p. 79). In 
the Ball State text, the defects and complexities of Euclid are 
repaired, but his spirit and approach are retained insofar as possible. 
Thus, Ball State followed Hllbert rather than Birkhoff in modernizing 
Euclidean geometry. I have already noted that Hllbert's approach was 
generally considered to be beyond high school students, and there 
remained doubts even among proponents of "new math," as to whether 
this approach, even as simplified by the Ball State writers, would 
prove suitable for use in high school (Molse, 1962, p. 97). 
Ball State also developed a beginning algebra course, starting 
in 1957, an eighth grade course starting in 1958, and an eleventh 
grade course starting in 1959. By 1961, the texts for grades 8-10 
had undergone a number of revisions and been published commercially. 
These texts especially emphasized logic and the deductive structure 
of mathematics (Brown, 1961, p. 20). The principal authors of the 
Ball State texts were later active in the development of a full 
K-12 textbook series for Âddison-Wesley. 
Another early secondary project was the Boston College Mathematics 
Institute, begun in 1957 under the direction of Stanley J. Bezuszka 
(Lockard, 1966, pp. 113-115), This project used a historical 
approach to mathematical topics (Brown, 1961, pp. 19-20). Like 
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SMSG, the Boston College project was sponsored by funds from the 
NSF. By 1961, it had produced a text for the eighth grade, but 
by 1966, it had shifted from producing its own texts to teacher 
training and collaboration in the production of commercial textbooks. 
This pattern was typical of all the other secondary "new math" 
projects after SMSG's texts became available in the fall of 1960. 
SMSG's huge writing teams, and huge budgets, enabled it to complete 
Its series before any other project. Once SMSG's texts became 
generally availgble, they represented the only full, four year 
high school "new math" curriculum available. Even UICSM had only 
texts for grades 9-11 ready for sale (Brown, 1961, p. 17). Once 
SMSG's texts were available the publicity they had gained and the 
evident demand for them made the production of modern high school 
mathematics texts attractive to commercial publishers. Soon 
there was no shortage of "new math" high school textbooks. Those 
engaged in secondary "new math" projects tended to either involve 
themselves in commercial textbook production, or to turn their 
interests in new directions (e.g., the elementary school). 
G. Dissemination 
Of course, the mere availability of textbooks could not by 
itself reform the high school curriculum. Teachers, school 
administrators, and the general public all had to be informed of 
the "new math," and convinced of its virtues. A number of 
favorable articles about "new math" appeared in popular magazines 
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In the late 1950s and early 1960s. These helped to Inform the 
public of the "new math's" existence, and create a positive 
attitude toward "new math." 
Time carried an article describing UICSM's work in 1956 ("Math 
and Ticktacktoe"), and in the following year Saturday Review carried 
articles describing UICSM, the Commission on Mathematics, the 
beginnings of UMHaP, and the role of the Carnegie Foundation in 
these early efforts (Rowan; Lear). In 1958, Harper's carried an 
article on UICSH and the Commission on Mathematics (Drucker), 
while Time ("The New Mathematics") and Life ("New Patterns in 
Mathematics") ran brief articles that at least suggested something 
new was afoot. Newsweek followed with articles on the Commission 
on Mathematics ("Can Math be Lively?" 1959) and UlCSM ("Math Made 
Easy," 1960). In subsequent years, popular articles on the "new 
math" dealt primarily with the elementary school. Mueller (1966) 
has studied the image of the "new math" in popular magazines. He 
found that the "new math" was consistently presented in a positive 
light during the period 1956-1964, and the articles mentioned above 
certainly bear this out. 
While positive in tone, none of these articles delved very 
deeply into modern mathematics itself. There were a few paperback 
books from popular publishers that did attempt to present modern 
mathematics to the educated public. One of the earliest of these 
was The New Mathematics by Irving Adler. It appeared in hardcover 
in 1958, and as an inexpensive (50^) paperback in 1960. Adler's 
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book dealt mainly with the number systems of mathematics and 
with some of the ideas of modern abstract algebra. The Commission 
on Mathematics of the CEEB recommended Adler's book in connection 
with its modern algebra option for the second half of grade 12 
("Report," 1959, p. 45). In 1964, two original paperbacks appeared 
under the editorship of Robert W. Marks: Space. Time, and the New 
Mathematics and The New Mathematics Dictionary and Handbook. These 
and the book by Adler mentioned above appear to be directed at 
the intelligent layperson seeking to satisfy Intellectual curiosity, 
but they no doubt were also read by high school teachers and 
administrators. 
A much more influential force in bringing news of the "new math" 
to high school teachers and administrators was the National Council 
of Teachers of Mathematics (NCTM). Its Secondary School Curriculum 
Committee issued recommendations very similar to those of the 
Commission on Mathematics at about the same time ("Secondary," 1959). 
The NCTM's regular journals carried a large number of articles 
related to the "new math." (The bibliography of this work contains 
dozens of examples.) In addition, there were special publications 
on the topic. For example, a special report comparing the various 
new curricula was prepared for free distribution to all NCTM 
members around 1963 (Allen, 1963, p. 387). The Twenty-Third Yearbook 
(NCTM, 1957) was devoted to Insights into Modern Mathematics, and 
directed at secondary mathematics teachers (p. iii). Topics covered 
included most of the topics already discussed in connection with 
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eleventh grade texts (see Table 2) as well as topology, computers, 
non-Euclldean geometry, and limits (normally a part of calculus). 
This book, however, presupposed college mathematics training in 
contrast to a prerequisite of only two years of high school 
mathematics for the other books we have compared, and so was 
mainly directed at well-trained mathematics teachers. The NCTM 
was also especially influential in bringing news of the "new math" 
to school administrators. During the fall of 1960, for example, 
it sponsored eight regional conferences for this purpose (NCTM, 
1961, p. ill). These conferences were supported by funds from the 
NSF. NCTM also worked with the National Association of Secondary 
School Principals in producing issues of the Association's Bulletin 
devoted to mathematics education in 1954, 1959, and 1968. The NCTM's 
efforts appear to have led to rapid growth in membership for the 
organization during the "new math" era (See Figure 3). 
Besides being Informed of the "new math," high school teachers 
also needed some retraining to teach it effectively. Even though 
the SMSG and commercial textbooks required far less teacher 
preparation than the original UICSM program, they were still a 
sharp break with the past. Efforts to retrain teachers already 
in service were undertaken under the financial sponsorship of the 
National Science Foundation. We have already seen that it was NSF 
funding that made possible the rapid development and distribution 
of the SMSG materials. Indeed, it was the availability of funds 
from Washington that made the entire curriculum reform movement 
NCTM memberships, thousands 
90 
Data from "Report of the Membership 
Conmilttee," 1960; Ahrendt, 1962; 
"Memberships and Subscriptions." 
1966, 1969, and 1973. The circles 
represent the available data. The 
curve shows the general upward trend. 
80 
70 
60 
50 
40 
30 
20 
10 
1950 1955 1960 1965 1970 Year 
Figure 3. Growth in NCTM memberships during the "new math" era 
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of the 19608 possible. In turn. It was the perceived Importance 
of science to national defense, and competition with the Soviet 
Union, that made government funding of science and mathematics 
education politically popular. World War II had shown the public 
that scientific achievement was crucial to national security, 
while Sputnik had shown the public that America's preeminence In 
science could no longer be taken for granted. In the post-Sputnik 
era, federal funds to develop new jclence and mathematics curricula 
came largely from the National Science Foundation. Figure 4 
shows the sharp rise In NSF expenditures for this purpose during 
the period 1957-1967. 
In addition to supporting the development of new curricula, 
the NSF contributed significantly to retraining teachers to teach 
the new curricula. Perhaps the best-known means of accomplishing 
this retraining was the summer institute. Beginning with two such 
Institutes In 1953, NSF sponsored more than 100 In 1958, and more 
than 300 In 1959 and 1960 ("National Science Foundation Announces," 
1960). These institutes were intended for science teachers as well 
as mathematics teachers. A listing of institutes planned for 1958 
showed about half of them included offerings for mathematics 
teachers ("Foundation Announces," 1958). NSF paid tuition and 
fees for the teachers attending the Institutes, and paid them 
$75 per week (plus $15 per dependent) living expenses ("Sumner 
Institutes," 1958). The institutes were essentially summer 
reeducation programs offered by colleges and universities. While 
Millions of dollars 
Data quoted In Borg & Gall, 
1971, p. 19. The circles 
represent the available data. 
The curve shows the general 
upward trend. 
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Figure 4. NSF expenditures on developing course content 
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institutes differed, a mathematics institute might offer work on 
one or more of the following ("Summer Institutes," 1958): 
1.) modern mathematics new to the average high school 
teacher 
2.) traditional topics in high school mathematics from 
a modern point of view 
3.) new curriculum projects 
A typical institute would last 4-12 weeks and retrain about 50 t#mchers 
("National Science Foundation Announces," 1960). 
Another NSF retraining program consisted of academic year 
Institutes. These provided a high school teacher an opportunity to 
spend a full school year at a university. In 1958-1959, for 
example, the University of Chicago offered such an institute in 
modern mathematics, while the University of Illinois provided one 
directed more at familiarization with the new curricula, and problems 
of pedagogy ("Academic Year Institutes," 1958). In 1960-1961, 
31 such Institutes were offered In mathematics ("National Science 
Foundation Academic Year Institutes," 1960). Finally, NSF provided 
fellowships to enable secondary school teachers to pursue graduate 
study In their own field during the summer ("National Science 
Foundation Summer Fellowships," 1961). These were good at any 
Institution offering graduate work, and provided support for 
ordinary graduate study, rather than special courses for teachers. 
By 1965, Newsweek estimated that half the nation's high school 
mathematics teachers had attended one or more NSF institutes 
("The New Math," p. 116). 
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Another source of training for teachers, as well as a source 
of Information for parents, administrators, and the general public, 
was a year-long television course titled "Contemporary Mathematics." 
This course was first offered on NBC's "Continental Classroom" during 
the 1960-1961 school year, and again the following year. In addition 
to the adults at which the course was aimed, it was taken by some 
high school students as well. The first semester consisted of an algebra 
course taught by John L. Kelley (Ferguson, 1961, p. 47). Kelley had 
previously written an early (1955) and classic college text In 
topology. He also provided a text. Introduction to Modern Algebra 
(Kelley, 1960), for his television course. Roughly speaking, this 
text covers the "new math" topics of the Dolclanl and SMSG eleventh 
grade texts, while omitting most of the traditional material. In 
spirit, Kelley's text fell somewhere between UICSM and SMSG. 
Matrices, for example, are Introduced slightly before linear transforma­
tions, but the latter are Introduced, and the matrices themselves 
are defined in terms of mathematics rather than penmanship (p. 294). 
The second half of the "Continental Classroom" course was devoted to 
probability and statistics. This part of the course was taught 
by Frederick Mosteller, chairman of the department of statistics 
at Harvard. 
In 1960-1961, the course was broadcast over about 175 television 
stations. About 5000 students enrolled to take the course for 
credit at one of 325 cooperating colleges and universities (Mosteller, 
1963). In addition to the purely mathematical content presented by 
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Kelley and Mosteller, the TV courses were supplemented with additional 
lessons directed at teachers ("Continental Classroom," 1960). 
The textbook for the probability and statistics part of the 
course was produced by Mosteller, along with coauthors R. E. K. 
Rourke and G. B. Thomas (1961). All three authors had been members 
of the Commission on Mathematics, and important members of the writing 
team that produced the Commission's text on probability and statistics. 
The Continental Classroom text was based in part on the earlier book, 
and on the experience gained in the use of the earlier book. Indeed, 
the later book adopted many sections of the earlier book verbatim 
(Mosteller et al., 1961, p. ix). 
The Commission's text appeared in 1959. The Commission's Report 
did not appear in official, published version until that same year. 
It had, of course, been unofficially available for some time (e.g., 
the preliminary copies distributed at the first SMSG writing 
session). Once published, the Report was sent free to all members 
of the AMS, MAA, and NCTM, and to thousands of school superintendents 
(Hlavaty, 1961, p. 28). While the report itself no doubt contributed 
to the spread of other "new math" programs, it should be noted that 
the probability and statistics option for grade 12 that the Commission 
recommended was not adopted by many "new math" text series. Such 
statistics as did appear in texts was little more than had long 
been advocated by those in the Perry tradition, and was far beneath 
the level of the Commission's text. 
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While NSF summer Institutes and other programs served to help 
prepare teachers already In the high schools to teach the new 
curricula, other groups worked to prepare the future teachers still 
In the colleges. One of the most Important of these was the Committee 
on the Undergraduate Program In Mathematics (CUPM) of the MAA. We 
have already met Its predecessor, the Committee on the Undergraduate 
Mathematical Program. This committee was reorganized as the CUPM 
in 1960. Funding for the new group came from the NSF (CUPM, 1968b, 
p. 1). Among the members of the CUPM were E. G. Begle, John L. 
Kelley, and Frederick Mosteller whom we have already met In connection 
with their work with SMSG and Continental Classroom. Of the CUPM's 
many activities, the ones that concern us are mainly those of the 
Panel on Teacher Training, of which Begle and Kelley were also 
members. The Panel issued in 1961 a set of recommendations on the 
college training of future mathematics teachers. Briefly, CUPM 
suggested that mathematics teachers know a fair amount of mathematics 
(CUPM, 1966). Specifically, it recommended that junior high school 
teachers take three courses in calculus, and one course each in 
modern abstract algebra, geometry, and probability. For high 
school teachers a bachelor's degree in mathematics, with coursework 
in the areas recommended for Junior high school teachers, was 
suggested Finally, CUPM felt that those teaching the new twelfth 
grade courses should have a master's degree, with at least two-thirds 
of their courses in mathematics (CUPM, 1966). 
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The CUPM recommendations largely represented the views of 
college and university mathematicians. A Midwest Regional State 
College Conference on Science and Mathematics Teacher Education 
reflected more the views of mathematics educators involved in 
teacher training (Brown, 1958). While these educators accepted 
the need for more and better mathematical training of teachers, 
and especially training in modern mathematics, they also felt that 
much of the advanced mathematical training available in the 
colleges and universities was more suitable for future mathematicians 
than for future teachers. Part of this problem may have stemmed 
from the nature of the available texts. 
The various college "new math" texts that appeared during the 
period 1940-1955 varied in their suitability for teacher training. 
Some, such as Kelley's topology text, or Birkhoff and MacLane's 
A Survey of Modern Algebra, were suitable mainly for future mathe­
maticians. Others, such as the first year texts in Table 1, could 
be used to present some "new math" topics to future teachers. 
None of these, however, were really written with teachers' needs 
in mind. Texts of that sort began to appear around 1960. While 
not Itself a textbook, the NCTM's Insights into Modern Mathematics 
(1957) was certainly directed at high school teachers. SMSG 
produced a series entitled Studies in Mathematics, intended for 
teachers or future teachers. Some Basic Mathematical Concepts 
(Luce, 1959) provided background in sets. Structure of Elementary 
Algebra (Haag, 1961) provided mathematical background for SMSG's 
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First Course In Algebra. Geometry (Kutuzov, 1960) did the same 
for high school geometry In general, while Euclidean Geometry 
Based on Ruler and Protractor Axioms (Curtis et al., 1959) presented 
the Birkhoff approach to Euclidean geometry adopted by SMSG. As 
with their texts for high school students, SMSG's texts for teachers 
were followed by commercial textbooks, such as Elementary Geometry 
from an Advanced Standpoint (Molse, 1963). 
Implementing the kind of training represented by these texts 
required a change not only in the kind of mathematical training 
teachers received, but also a change in the amount. On the whole, 
high school teachers trained in the period 1920-1960 had mathematical 
backgrounds far below those envisioned by CUPM. In general, 
state requirements for certification to teach mathematics were fairly 
stable during this period (Schumaker, 1961). They were also fairly 
low. Minimum requirements to teach some mathematics averaged 15.1 
semester-hours of college mathematics (Sarner and Frymler, 1959, 
p. 457), while someone preparing to teach mainly mathematics 
courses would take about 25 semester-hours (Schumaker, 1961, p. 417). 
Since calculus was usually a second year college course during this 
period, about 12 semester hours would be required to complete one 
year of calculus. This would leave 3-13 semesters beyond calculus, 
in contrast with a CUPM recommendation of about 27 ("Recommendations," 
1960, p. 987). While minimum state requirements are not an 
infallible guide to the actual training of teachers, the available 
evidence suggests that actual training is often close to minimum 
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training. A study of Kansas secondary mathematics teachers in 
1957-1958 showed that nearly one-third could not even meet the 
15 semester-hour minimum, and less than half had finished calculus 
(Burger, 1960, pp. 141-142). 
However, these problems were not enough to stop the spread of 
the "new math" to the nation's high schools. Perhaps the best 
data on that spread comes from a survey conducted by the CEEB in 
1965-1966 (Williams, 1970). The people surveyed were students 
who took one of the mathematics achievement tests as part of their 
College Boards. These achievement tests are most likely to be 
taken by students intending to attend college and study mathematics, 
science, or engineering there. As a result, the CEEB's sample was not 
representative of high school students in general. On the other 
hand, it was representative of the students at whom high school 
"new math" had been aimed. Due to the lack of standardization of 
content for grade 12, and the fact that the students surveyed had 
not yet completed grade 12, it is hard to draw any firm conclusions 
about this grade. For grades 9 and 11 (normally Algebra I and II), 
the data indicate that about three-fourths of the students surveyed 
had studied a modem program. Questions about geometry concerned 
content rather than the manner in which that content was organized 
deductively (i.e., in the pre-Euclidean manner or a modern manner). 
Another survey (Alspaugh & Delon, 1967) taken at about 
the same time asked better questions about geometry. Here the 
data was limited to the state of Missouri, and tabulated by schools 
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rather than by students. About half the schools offered modern 
programs In grades 9 and 11, yet only about 7% of the schools 
offered a modern geometry course. This is not surprising considering 
the problems reformers faced in modernizing high school geometry. 
In addition to the mathematical problems, there were some elements 
in the attitudes of teachers and educators toward geometry that 
probably Impeded its reform. During the "new math" era, mathematics 
in general was valued especially because of its contributions to 
science, technology, and national defense. While geometry shared 
in this, geometry also had been a part of a traditional liberal 
education for centuries. Its intended goal was a strengthening 
of the students' reasoning ability. This goal probably contributed 
to the unpopularity of the recommendation of the Commission on 
Mathematics that the amount of deductive reasoning in geometry 
be reduced. In addition, geometry's long tradition probably made 
it more resistant to modernization. In any event, it is safe to 
say that, at least in algebra, the "new math" became more prevalent 
than the old by the mid-1960s. 
H. Reaction 
Despite its rapid and wide-spread adoption, secondary "new 
math" was not without its critics. As with any major change, 
some of this resistance was based merely on ignorance and inertia. 
Jones discussed some of these factors at a time when the "new math" 
had Just begun to spread (1959). Of course, resistance based 
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entirely on Ignorance and inertia rarely reached print. While 
articles that were favorable to "new math" far outnumbered those 
that were not, there were some that were critical as well. Unfortunately, 
the debate engendered by this criticism was often of low quality 
(Brown, 1968, p. 199). One reason for this was that the debate 
often took place in such general terms that it was difficult to 
determine what either side actually advocated. Perhaps one of the most 
extreme instances of this was a published interchange between a 
group of critics and E. G. Begle of SMSG. 
In 1962, there appeared in The Mathematics Teacher a memorandum 
"On the Mathematics Curriculum of the High School," signed by about 
60 mathematicians. Its intent was clearly critical of "new math," 
and it was published with a rebuttal from Begle. What is fascinating 
about Begle's rebuttal is that, rather than challenge the ideas 
expressed in the memorandum, Begle claimed Instead that the SMSG 
program was an embodiment of those ideas. Now it is quite clear that 
many of those who signed the memorandum felt that the SMSG program 
did not embody those ideas at all, and Begle surely knew that. 
However, the ideas expressed in the memorandum really were so 
vague and general as to make it hard to determine what they meant in 
concrete terms. As a result, Begle could, with some justification, 
claim that the "new math" programs themselves were exactly the kind 
of thing these "new math" opponents seemed to be advocating. 
This confusion over words was especially significant in 
connection with the word "structure." This word became important 
159 
not only In discussions of "new math," but with regard to curriculum 
reform in the sciences as well. The word was particularly associated 
with the name of Jerome Bruner (Hopkins, 1981, pp. 275-276), and with 
a conference of mathematics and science educators held at Woods 
Hole, Massachusetts, in 1959. Bruner was chairman of this conference 
(Bruner, 1960, p. xv). Among those attending (Bruner, 1960, pp. vi-
vli) were E. G. Begle of SMSG, H. E. Vaughan of UICSM, Carl Allendoerfer 
of the Commission on Mathematics, and Jerrold Zacharias, whose PSSC 
physics program of the late 1950s had served as a model for SMSG. 
Also present were the director and the chairman of the steering 
committee of the Biological Sciences Curriculum Study (BSCS). BSCS 
was the biological equivalent of PSSC and SMSG. Like them, it was 
funded by the National Science Foundation, it sought the involvement 
of researchers in curriculum reform, and it carried out that reform 
by the production of textbooks (Grobman, 1959). These similarities 
were not accidental, for these three organizations maintained regular 
contact. The SMSG texts, for example, contained problems illustrating 
the application of mathematics to the physical and biological 
sciences that had been contributed by PSSC and BSCS (Begle, 1968, p. 241). 
Despite this cooperation, the Woods Hole conference was unusual in 
bringing together at one meeting leaders in curriculum reform from 
a number of different fields. 
The conference opened with reports from the various reform 
groups on their work to date (Bruner, 1960, p. x). In sunnarlzing these 
reports, Bruner wrote that "the main objective of this work has been 
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to present subject matter effectively—that Is, with due regard not 
only for coverage but also for structure" (Bruner, 1960, p. 2). 
Bruner's summary was published as a book, The Process of Education, 
that presented the educational arguments for currlcular reform In 
mathematics and science. As a result, it appealed to a much wider 
audience than, for example, an essay dealing with purely mathematical 
reasons for changing the mathematics curriculum. The first chapter 
of Bruner's book was about structure, and did much to contribute to 
structure's becoming widely regarded as a good thing in educational 
circles. This in turn did much to aid the spread of curricula that 
claimed to emphasize structure, as the "new math" programs did. 
While there was a reasonable consensus among educators in general, 
and science educators in particular, about what "structure" meant, in 
mathematics education the word took on additional meanings that only added 
to the confusion in debates concerning "new math." For Bruner, structure 
appears to have referred to the organization that a set of basic concepts 
or principles brings to a field of knowledge by tying together 
large numbers of specific bits of information. For example, 
the idea of energy in physics, or of adaptation in biology, ties 
together many other ideas in those fields. In mathematics, "structure" 
was at times used In this sense, as, for example, by Van Engen 
(1958, p. 279; 1959, pp. 71-72; 1961, pp. 247-248). It was also 
used in other senses. One of these was to use "structure" to 
describe the similarities between two isomorphic algebraic systems 
(Kane, 1964; Taylor and Wade, 1965). While this usage might be 
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common among those working In the field of modern abstract algebra. 
Its Introduction into discussions of "new math" only served to 
create confusion. We have already seen that modern abstract algebra, 
although suggested as a possible topic for the last half of grade 
12 by the Commission on Mathematics, was either absent or a minor 
topic in the high school texts actually produced. 
A much more confusing use of the word "structure" in mathematics 
education was its use to describe the organization of some branch 
of mathematics into a deductive system, as, for example, by Fehr 
(1965, p. 43) and Merriell (1960, p. 77). Bruner's use of "structure" 
was clearly Inductive. In his sense, structure deals with the 
relationship between an abstract concept and its concrete instances. 
Emphasizing structure in this sense was clearly in line with 
progressive education, which tried to teach the abstract by means 
of the concrete. A deductive system, on the other hand, relates 
one abstraction with another. Teaching childien this kind of 
abstraction is not in the progressive tradition, and a careful 
reading of Bruner's arguments in favor of structure reveals 
that they hold only for Bruner's sense of that word. 
The consequences of this confusion were unfortunate. Educators 
were generally favorably disposed toward structure—in Bruner's 
sense. Mathematicians were generally favorably disposed toward 
structure—in the sense of deductive systems. Because of the way 
mathematicians used the irord, they were sometimes able to sell 
a program to educators because the educators thought the promised 
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"structure" was Brunerlan rather than deductive. (There Is no Intent 
here to Imply any conscious deceit on the part of these mathematicians. 
There was more than enough confusion In the air to account for 
all the misunderstandings that occurred.) At the same time, 
educators using programs Incorporating Brunerlan structure would 
be criticized for Incorporating too much deductive structure by 
those who opposed the latter. This led to a great deal of disagreement 
and confusion, not only about how much structure should be included 
In a program, but even about how much structure actually was Included 
In a given program. 
In addition to merely verbal debates, there were also some 
Irrelevant debates. Perhaps the main irrelevant debate at the 
secondary level concerned the Importance of applications in teaching 
mathematics. Wooton (1965, p. 141) has said that "the only serious 
objection to SMSG textbooks agreed upon by more than a handful of 
mathematicians Is concerned with applications of mathematics." 
Advocates of the social utility theory of education, of course, 
would claim that mathematics is worthwhile only insofar as it is 
directly useful in daily life. A broader but related viewpoint was 
taken by some critics of the "new math." These critics (Fremont, 
1967, p. 718; Kline, 1958, p. 424) regarded mathematics as important 
primarily because it helps us to understand the world around us. 
Thus, mathematical training might contribute to ones understanding 
of the modern Industrial and scientific world, even if one never 
used this understanding in one's job or in one's day to day practical 
163 
existence. In this sense, the study of mathematics was viewed as 
an Important part of a liberal education, rather than purely 
utilitarian in a narrow sense (Kline, 1956, p. 164; 1966, p. 329). 
There was a variety of responses to the argument that 
mathematics should be taught for its social utility or for its 
contribution to our understanding of the world around us. While 
few challenged the idea that mathematics was important for these 
reasons, many questioned the relevance of this issue to high school 
teaching. Albert E. Meder, Jr., of the Commission on Mathematics, 
pointed out (1958a, p. 431) that the reasons that make mathematics 
socially important are not necessarily the reasons that will 
motivate students to study it. Wooton (1965, p. 142), defending 
SMSG, claimed that many students are not interested in applications 
of mathematics. Max Beberman, of UICSM, went even further: 
When you or I were thlr-fourteen, we 
were enchanted by the mysteries of life. We 
weren't concerned with practicalities. We didn't 
ask ourselves how we would earn our living after 
we finished school. We wanted to know if there 
was a God and if there was what did he look 
like? The more abstract a question was the hotter 
we argued it. Angels absolutely delighted us; how 
many of them could dance on a pinhead? 
Numbers are as abstract as angels. Mathematics 
is as creative as music, painting or sculpture. 
The high school freshman will revel in it if we let 
him play with It as an abstraction (Rowan, 1957, p. 42) 
Beberman's position was extreme—about as far from those who 
wanted to teach mathematics through applications as one could get. 
Perhaps the best response to Beberman's attitude came in a review by 
W. W. Sawyer of an early UICSM algebra text: 
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The Illinois text seems to be designed to 
appeal to one type of reader—a student of high 
verbal ability and of philosophical temperament. 
There is a place for such students in our schools 
and in our society. But they are one type among 
the many that make up a nation. (Sawyer, 1960, 
p. 292) 
The author feels that he would have reveled in UICSM algebra, had 
been offered to him when he was in school, but wonders how many of his 
classmates would have enjoyed it. Probably those who revel in abstract 
tions, and those who revel in applications, are both a minority of all 
students. SMSG made some attempt to appeal to both of these groups, 
but no program can appeal equally to all groups. Thus, failure to 
appeal to all groups is a failing of any single curriculum, and not 
a problem of the "new math" in particular. 
Nor was failure to Include applications a weakness of the "new 
math" in comparison with the old. (Situations in which John is 
twice as old as Mary was five years ago hardly represent practical 
applications.) Traditional programs might include some time, rate, 
and distance problems. As already mentioned, SMSG incorporated 
some problems in physics and biology contributed by PSSC and BSCS. 
However, neither the old nor the new textbook series put such 
applications in a central role. As a result, debate over the 
proper role of applications was irrelevant to choosing between any 
actually available programs. 
In general, "new math" critics tended to compare the "new 
math" unfavorably with nonexistent ideal programs, whereas 
"new math" proponents generally defended the "new math" against 
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the old. Indeed, in their replies to criticism of the new programs, 
Neder (1958a, p. 433) and Zant (1966, pp. 332-333) urged critics 
to produce texts of the sort they advocated, so that their approach 
could be tried and evaluated. This was not done during the "new math" 
era. In the meantime, the country's schools had to choose among actually 
available programs, and in making such a choice, debates over the 
role of applications were irrelevant. 
In addition to the welter of verbal confusion and red herrings 
the sorry state of "new math" criticism was made even worse by 
the rhetorical style of the chief critic, Morris Kline. Kline's 
articles (1956, 1958, 1966) in The Mathematics Teacher were 
"characterized by vagueness, distortion of facts, undocumented 
statements, overgeneralization, and a general lack of knowledge 
of what is going on in the schools" (Zant, 1966, p. 331). Kline 
himself even subtitled one of his articles (1956) "A Tirade." 
The tragedy of these unfortunate aspects of "new math" 
criticism was that they tended to obscure valid criticisms (Brown, 
1968). Perhaps the most widespread of these was the charge that 
the "new math" put too much emphasis on deductive structure. Kline 
(1956, p. 172) pointed out that only one human civilization (the 
Greek) developed mathematics as a deductive system, and that 
this would seem to indicate that such systems are not easy or 
natural for the human race. This view was not peculiar to Kline, 
or even to critics of "new math." A generation before the "new 
math" began, a biochemist wrote the following: 
166 
The Idea of starting with a small number of elementary 
general propositions which are assumed...and then proving 
everything else from them by strict logical reasoning, 
this Is the special Greek Invention. It Is really most 
remarkable that such a method should ever have been devised 
and used by anybody, because It runs counter to all the 
dearest prejudices of mankind. (Ritchie, 1923/1960, p. 3) 
Kline (1958, pp. 422-423) claimed that "new math" proponents greatly 
exaggerated the importance of deductive systems In the mathematics 
of the past. Gattegno (1961, p. 521) claimed that the Importance of 
such systems, even In modern mathematics, had been exaggerated. 
Furthermore, Kline felt that stress on deductive systems was 
particularly unfortunate, because few high school age students were 
equipped to understand or appreciate a deductive system. 
On this Issue, "new math" critics raised two Important points. 
First, there was, and still Is, considerable disagreement over the 
role and the Importance of deductive systems In mathematics. 
Back In the early 1950s, when Beberman wanted to know what a 
variable was, he asked workers In the logical foundations of mathematics 
to clarify the concept for him. By the very nature of their work, 
these mathematicians would be likely to place great Importance on 
the role of deductive structure in mathematics. If Beberman had 
taken his question to a group of applied mathematicians, the kind 
Morris Kline worked with, he might have received a very different 
answer. Second, the ability of students to deal with deductive 
structure Is still a live issue. Davis (1971, p. 333) daims that, 
properly done, proofs may be Introduced to children of 8 or 9 
years old. On the other hand, other studies suggest that a 
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majority of graduating high school seniors have not developed mentally 
to the point where they can appreciate proofs (Coulter et al., 
1981, p. 131). 
The relevance of these Issues to "new math," however, was 
probably overestimated by the critics. Confusion over the word 
"structure" and other factors seem to have led them to overestimate 
the amount of deductive structure In the new programs. The Commission 
on Mathematics, for example, proposed Introducing some deductive 
structure Into algebra, but wished at the same time to reduce the 
amount In geometry. Thus the Commission's program would probably 
contain little more than the traditional program, in which geometry 
was taught entirely from a deductive standpoint. SMSG and the 
Dolclanl series introduced proofs in algebra very gradually (Zant, 
1966, p. 333). Probably it was the Ball State series that put the 
greatest explicit stress on deductive structure. 
The "new math's" stress on precise language also came under 
fire, with critics usually regarding It as sheer pedantry (Kline, 
1974, Ch. 6). While there may have been some excesses in this 
direction, it is Important to remember that the whole movement 
toward precise language was initiated by Beberman and Menger In 
order to clear up confusion actually created in the minds of 
students by imprecise language. 
Another frequent charge was that the "new math" was too 
abstract. It was not always clear what "abstract" meant in these 
charges. In some cases. It seemed to refer to the emphasis on 
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deductive structure and precise language already discussed. 
Kline (1958, pp. 421-422) listed a number of topics he felt 
were too abstract for high school students. In fact, the topics 
he listed were treated very slightly, or not at all. In the actual 
"new math" programs. The underlying Idea, however. In the claim 
that "new math" was too abstract, seemed to be that general 
Ideas must be approached through concrete Instances. While this 
might have been a reasonable objection to the study of such modern 
abstract algebra concepts as groups, rings, and fields, or to the 
study of matrices as presented by SMSG, It was much less relevant 
to the programs developed for the first three years of high 
school. Indeed, it would be hard to find a traditional algebra 
text that goes as far as the UICSM Course 1 in developing algebra 
out of students' more concrete experiences with arithmetic. 
"New math" was also criticized for being too abstract in its 
emphasis on general principles. To understand this better, let 
us look at a variety of viewpoints on transforming the equation 
4x-3 " 15 
into 
4x - 15 + 3 
- 18. 
Some traditional texts would justify this as an instance of transposi­
tion. This was a rule stating that a term appearing on one side of 
an equation can be moved to the other side providing its sign is 
changed. Here -3 has been transposed to +3. The rule of transposition 
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is clearly a rule of penmanship. It describes the written appear­
ance of the equations, and is not a principle of mathematics 
itself. SMSG's approach to the same kind of problem (SMSG. 
1961a, p. 378) was to say that the same number (in this 
case, 3) could be added to both sides of an equation. This is 
more mathematical in its use of the idea of addition, but retains 
some vestiges of penmanship in its reference to the "sides" of 
an equation. UICSM (Beberman & Vaughan, 1964, pp. 274-276) 
based its approach on the logical principle that if two symbols 
have the same meaning they may be substituted for one another. 
Thus, if 4x - 3 " 15, and we want to know what 4x - 3 + 3 is, we 
replace 4x - 3 by 15 and get 15 + 3 or 18. 
This replacing of rules of penmanship by mathematical 
principles or arguments was characteristic of "new math." R. E. K. 
Rourke of the Commission on Mathematics claimed that "teaching 
principles...is no more difficult than teaching tricks" ("Can 'Math' 
be Lively?" 1959) such as transposition. It is not clear that 
SMSG's or UICSM'8 approach would be any harder for students to 
grasp than the rule of transposition. Indeed, it seems that 
UICSM's principle of substitution is intuitively sensible, whereas 
transposition appears as an arbitrary rule. The only sense in 
which transposition is more concrete than the UICSM approach is 
that the written symbols transposition refers to are more concrete 
than the ideas with which UICSM's argument deals. Here we are 
back to the issue of rote learning. What does it profit a man to 
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learn to manipulate the symbols of mathematics if he knows not 
their meaning? 
An underlying, inescapable issue here is that mathematics 
is abstract. Any attempt to move from rote learning to real 
understanding necessarily moves in the direction of greater 
abstraction. When UICSM introduced the number-numeral distinction, 
it was to make students aware that mathematical symbols were not 
the subject of mathematics. The subject of mathematics is the 
abstract ideas those symbols represent. 
Fremont (1967, p. 718) claimed that "if we would consistently 
introduce definitions and symbols only after the students had had 
extended experiences with the ideas represented therein, we could 
take a long step towards the élimination of empty verbalisms that 
are frequently observed in mathematics classes." Of course, one 
could hardly find a stronger advocate of this position than the 
UICSM staff, and Gertrude Hendrix in particular. However, there 
remained room for disagreement on how to accomplish this goal. 
Fremont (1967, p. 716) argued that the sophisticated language and 
symbols of "new math" increased the likelihood of rote learning, 
while UICSM had introduced them to discourage it. 
Certainly there is no doubt that the "new math" failed in 
its goal of abolishing rote learning. In that regard, an especially 
discouraging article ("The New Mathematics") appeared in Time in 
1958. It described a course for high school students and teachers 
given by Reed College. The many quotations from those taking the 
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course reflected the rote learning of some modern terminology and 
some "new math" slogans, but little understanding of the nature of 
modern mathematics or the intent of the "new math." This rote 
learning among teachers was especially discouraging, although it 
has certainly been common in my experience. Such teachers can 
hardly help their students to do better. 
It gives one a strange sensation to go into a 
classroom and observe a teacher who previously 
taught traditional mathematics in a rigid, rote 
fashion now teaching modern mathematics—in a 
rigid, rote fashion. (Fremont, 1967, p. 717) 
Still, it is probably debatable whether "new math" increased rote 
learning. There is a possibility that its emphasis on explicit 
formulation of abstract ideas and precise use of words made it much 
easier for students to express the inadequacies of their understanding 
than it had ever been before. 
To summarize the issue of the abstractness of the "new math," it 
is possible that children can deal with some aspects of this 
abstractness if it is presented in a form suited to their level 
of development. In that case, an emphasis on the right kind of 
abstractness can help inhibit rote learning. What are the appropriate 
sorts of abstractness, and how can they be presented, are still 
open questions. It is also possible that we overestimate children's 
ability to deal with abstract ideas. In this case, rote learning 
may be all that is possible, and there is a real question as to 
whether it is worth striving for. The "new math" was often 
accused of Ignoring the nature of the learner, but perhaps the 
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real issue was: What the nature of the learner? In fact, we 
still do not know. Rote learning continued, despite the spread of 
"new math," and the hopes of UICSM. 
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VI. ELEMENTARY SCHOOL "NEW MATH" 
A. The Problem of Teacher Training 
Despite Its critics, "new math" became the established 
program in the high schools, and quickly began to filter down 
to the elementary school. There it faced all the problems and 
criticisms it had faced at the secondary level, but one of those 
problems was much more severe at the elementary level. That was 
the problem of teacher training. To begin with, there was the 
sheer problem of numbers. In 1965, Newsweek ("The New Math", 
p. 116) estimated that there were 135,000 high school mathematics 
teachers and 1,100,000 elementary school teachers. Although NSF 
institutes had reached about half the secondary teachers by 1965, 
attempting to reach a comparable fraction of the elementary school 
teachers would have been a much larger undertaking. NSF never 
attempted this, and its institutes for elementary school teachers 
reached only a small portion of those teachers. 
In addition to problems of numbers, there were problems with 
the already existing state of teacher training. The college 
mathematics training of secondary school mathematics teachers is 
made up of courses more advanced than the teacher will ever teach. 
At the elementary level, it has been unusual for teachers to know 
much of any mathematics beyond that which is actually taught In 
the grade school. Even worse, questions have continually been 
raised (Moise, 1966; Stipanowich, 1957) as to whether teachers 
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understood arithmetic themselves, and even whether they could do 
arithmetic. Studies claiming the latter are often difficult to 
evaluate because the actual test items used to determine teachers' 
ability are not provided. An exception Is a study by Fulkerson 
(1960) of students taking a college course on methods of teaching 
arithmetic. Here are some examples of Fulkerson's results, taken 
from p. 143 of his study. The problem, "Find the cost of 580 
gallons of fuel oil at 12.8^ per gallon," was missed by a majority 
of the students. Here is a more complicated problem. "A room 21 
feet long and 15 feet wide is covered with carpeting costing $12.50 
per square yard. Find the cost of the carpet." More than two-thirds 
of these future teachers were unable to solve this problem. Such 
a low level of performance is not acceptable for children, let 
alone teachers. 
Because teacher training was such an Important Issue in the 
development and spread of elementary school "new math," it may be 
worthwhile to survey the state of teacher training In the period 
Just prior to the advent of the "new math." To begin with, all 
students in the public schools in all states were required to 
study mathematics in grades 1-8 (Fehr, 1955, p. 341). Layton 
(1954) studied requirements for study beyond that in 1952. In 
high school, 20 states required no mathematics, 24 required one year, 
one required a year and a half, and one required two years (p. 316). 
However, even the modal one unit need not have been mathematics 
beyond arithmetic. Usually, this unit could be earned in general 
175 
mathematics, often a review of junior high school social arithmetic 
(Fehr, 1955, p. 341). 
While admission to a first class liberal arts college in that 
era might have required three years of high school mathematics 
(Fehr, 1955, p. 341), admission to teacher training programs was 
not so stringent. Layton (1951) studied 82 colleges of all kinds 
training teachers. Only 20 of these required high school study of 
mathematics for admission, with an average requirement of about one 
year (p. 551). Grossnickle studied the admission requirements of 
state teachers colleges. These prepare about half of our elementary 
school teachers (Fehr, 1959a). About three-fourths of these 
colleges required no mathematics for admission, and of those that 
did require mathematics, a majority required one year of any kind 
of high school mathematics (Grossnickle, 1951, p. 208). Thus, 
admission requirements in mathematics to colleges training teachers 
were less stringent than requirements for graduation from high 
school. Indeed, the mathematics requirements for graduation from 
teacher training colleges was not much more stringent than the 
requirements for graduation from high school. 
Around 1950, 35 states required no college courses in mathematics 
in order to be certified to teach in the elementary school (Grossnickle, 
1951, p. 205). By 1960, this number was still as high as 29 (Wooton, 
1965, p. 99). Fortunately, the requirements of the colleges 
themselves were somewhat higher. Grossnickle (1951, pp. 210-211) 
found that somewhat leas than two-thirds of the state teachers 
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colleges he surveyed required some mathematics In college. These 
colleges required an average of about 3 semester hours of such 
study, and the content was almost always arithmetic. Slightly 
less than two-thirds of these colleges also required a course In 
the methods of teaching mathematics (Grossnlckle, 1951, p. 214). 
In summary, then, a well-prepared elementary school teacher might 
have had one or two years of mathematics In high school, and a 
semester in college. All of this training would very likely have 
been in arithmetic. A poorly prepared teacher may have had no 
mathematical training of any kind since eighth grade. It was 
against this background that the "new math" began to spread to the 
elementary school. 
B. The Early Elementary School 
"New Math" Programs 
Most of the major secondary "new math" projects spawned 
elementary projects. SMSG developed an entire K-12 curriculum. 
The principals of the Ball State program produced a textbook series 
covering the same range. The Dolcianl textbook series was also 
extended over this range. In moving into the elementary school, 
these secondary level projects continued a pattern of reform 
from the top down that was typical of "new math." The new 
mathematics, and new perspectives on mathematics, that had developed 
in the period 1800-1950 moved first to the colleges, then to the 
high schools, and finally to the elementary schools. 
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The first elementary "new math" program was an exception to 
this, however. The Greater Cleveland Mathematics Program differed 
from other "new math" programs In a number of ways. In addition 
to not moving from the top down. It was not funded by national 
foundations or the U.S. government. Its contact with other 
curriculum reform groups and agencies appears to have been minimal. 
For example. In 1961 the NCTM published a booklet The Revolution In 
School Mathematics. It stated, "There are four major endeavors 
to Improve mathematics In the elementary school" (p. 72). The 
Cleveland program was not listed as being one of them, although 
It was as well underway as any of the projects that were listed. 
This neglect may have been due In part to the relatively small amount 
of publicity GCMP received. Apparently It sought little. Available 
Information on Its origins Is both scanty and sketchy, and sometimes 
contradictory as well. 
The Educational Research Council of Greater Cleveland was 
founded In 1958. "The Council was created...specifically to 
employ a dynamic approach to research in education and make possible 
Imedlate Implementation of research findings" (Borg & Gall, 1971, 
p. 17). Initial support came from local foundations and businesses 
(Borg & Gall, 1971, pp. 16-18). The Council initiated its 
mathematics program In March 1959 (Lockard, 1970, p. 396), under 
the direction of Dr. B. H. Gundlach of Bowling Green State 
University. Among its consultants were Max Beberman, Director 
of UICSM, and Charles Brumfiel, Director of the Ball State program. 
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Implementation began In September 1959. Involved were 20 public, 
private, and parochial schools In the greater Cleveland area. 
During the first semester, first grade teachers took part In an 
extensive retraining program. These teachers then Introduced GCMP 
materials into their classrooms during the second semester. At 
the same time, other teachers, grades K-6, were given enough in-
service training to enable them to enrich the already existing 
programs in their classrooms (Baird, 1960, pp. 376-377). 
This teacher-retraining program was one of the most characteristic 
and important aspects of GCMP. It began with lectures for teachers 
by mathematicians and mathematics educators. The lectures were 
aimed at specific grade levels, such as first grade, or grades 
2-3. The lectures were held at a number of locations in the Cleveland 
area so as to make them reasonably convenient for all participating 
teachers. The teachers' schools typically provided support for 
lecture attendance in the form of time off from work to attend, 
or credit towards advancement on the salary scale as a reward for 
attending. Lectures were supplemented by printed materials. In 
addition, occasional suggestions were made of things to try Immediately 
in the teacher's classroom, i.e., prior to the introduction of the 
full GCMP curriculum, which began only after teachers had completed 
their training. The training also Included daily half-hour 
programs on a local television station. Teachers were also exposed 
to classroom demonstrations with children. As the teachers were 
being trained, public relations presentations were made to the 
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PTA's of all of the participating schools (Gundlach, 1961, pp. 192-
193). All in all, GCMP seems to have been accompanied by the most 
thorough efforts at educating teachers and the public of any "new 
math" program. 
Implementation proceeded one or two grade levels at a time, 
starting in grade 1. With the help of participating teachers, 
lecture notes were transformed into teacher guides and student 
exercises, and eventually into textbooks. The commercially published 
teacher's guides for grades 1-3 bear copyright dates of 1961 and 
1962 (both dates on all three books). Materials for grades 4-6 
examined by the author bear copyright dates of 1964 or 1965. 
The GCMP materials for grades 1-3 appear to have been the 
earliest elementary school "new math" textbooks. Shortly after 
their completion, SMSG released texts for grades 4-6. These texts 
were used experimentally by GCMP before It developed its own 
materials for these grades (Baird, 1961). 
The GCMP materials were published commercially shortly after 
their completion by Science Research Associates (SRA). Sales for 
the first year (1962) ran about ten times SRA's expectations, and 
by 1965, nearly 2,000,000 students were using the GCMP/SRA texts 
("New Math Book Sales," 1965, p. 119). Of course, GCMP could not 
carry out, or guarantee that anyone else would carry out, its 
extensive teacher training program when its materials were adopted 
elsewhere. It did, however, supply an abundance of printed materials. 
In grade 2, for example, the student's text consists of a 368 
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page workbook. Allowing for duplication of material from the 
student's text, the teacher's guide contains about 150 8 x 11-lnch 
pages of additional material for the teacher (GCMP, 1962b). 
Besides that, GCMP produced separate texts designed to teach teachers 
the mathematics they would need to know In order to use the 
program. The teacher text for grades 4-6 runs another 180 pages 
(GCMP, 1965). 
Extensive teacher training Is a characteristic GCMP shared with 
UICSM, perhaps not surprisingly, since UICSM's director served as 
a consultant to GCMP. This was not the only similarity between the 
two programs. Both shared a commitment to learning by discovery. 
Many of the content reforms of UICSM found their way into GCMP. 
For example, GCMP included material on sets and inequalities starting 
in the first grade. The number-numeral distinction was begun in 
the same grade (GCMP, 1962a). 
Although GCMP originally had planned to develop a full K-12 
curriculum by school year 1963-1964 (Baird, 1960, p. 377), the 
actual program did not reach this far. The K-6 program appears 
to have been completed around the mid-1960s. It was revised in 
1968. In 1970, only the K-6 text materials were commercially 
available. The emphasis in further development had shifted to 
programs for non-college-bound students and courses involving 
computers (Lockard, 1970, pp. 396-400). Perhaps this was because 
by the time GCMP had developed its program to the grade 6 level, 
a variety of "new math" programs were available for the junior 
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and senior high school. In the meantime, the Educational Research 
Council of Greater Cleveland had undertaken additional projects. 
By 1965, they had begun a Greater Cleveland Social Science Program 
(GCMP, 1965, p. 186). By 1971, the Council had become The Educational 
Research Council of America, boasted a staff of about 100, and 
was undertaking curriculum improvement work in English, French, 
humanities, science, and physical and occupational education (Borg 
& Gall, 1971, pp. 18-19). 
Another project that produced text materials for grades K-6 
was centered at Stanford University. This project lacked not only 
an acronymous title, but even a title of any sort, as far as 
can be determined. It was usually referred to by the name of one of 
its leaders, Patrick Suppes. What made this project important was 
its early experiments in teaching various "new math" topics to young 
children. 
One of these experiments involved the teaching of geometry to 
first-graders in the spring of 1958 (Hawley, 1961). Geometry, of 
course, is a very old subject, but the inclusion of significant 
amounts of it in the elementary school curriculum was an innovation 
of the "new math." The initial experiment involved one class. The 
class received a daily 20-minute geometry lesson for about two 
months. The content of the lessons was techniques for carrying out 
various geometric constructions with compass and straightedge. 
Although such constructions are normally a part of a high school 
geometry course, no attempt was made with the first graders to 
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place the constructions in the context of a deductive system. In 
this sense, then, the material taught was more like what might be 
taught In a mechanical drawing class rather than a high school 
geometry class. 
In the fall of 1958, the program was extended to a number of 
other classes. The teacher-training problem was approached by 
producing self-contained worksheets for the students. However, 
this now meant that the students had to be able to read and follow 
directions, so the new materials were probably not suitable for 
first-graders. 
In the summer of 1959, the project received financial support 
from the NSF and the Carnegie Corporation. Experimentation continued, 
involving 3000 children in 1959-1960, and 5000 in 1960-1961. By 
1961 the experimental course was available in the form of two 
commercially published textbooks intended for use in grades 2 or 3. 
In the following year. The Arithmetic Teacher carried a favorable 
article about the use of the first of these two texts in grades 1-4 
in Louisiana. This report indicated that the children in grade 4 
seemed to get the most from the course, and that some children 
had their only academic success that year with the geometry course 
(Heard, 1962, p. 314). 
A similar program at Stanford taught first-graders a course 
In sets and variables in the first half of 1960 (Suppes & 
McKnlght, 1961). Here ideas of addition and subtraction were 
developed in terms of the corresponding set operations of union 
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and difference. The usual mathematical symbols for these set 
operations were used. The elements of the sets were usually 
represented by pictures of physical objects. Teachers reported 
that the children had no problems with set notation. Tests 
administered to the children indicated that they were extremely 
comfortable with the empty set and the concept of zero, but had 
difficulties with variables. As a result, variables were dropped 
from the program for the school year 1960-1961. Like the work 
with geometry, the work with sets was supported by the NSF. 
A third project at Stanford taught mathematical logic to gifted 
children in grades 5 and 6 during the period 1960-1963 (Suppes & 
Binford, 1965). The general procedure and results were similar to 
those in the projects with geometry and sets. These children 
attained a level of proficiency not far below that of college 
students studying the same material, although ft took the children 
much more time to cover that material. Teachers participating 
in the logic program were trained in special summer classes. It 
was felt that "the more dedicated and able elementary school 
teachers can be adequately trained in five or six semester hours" 
(Suppes & Binford, 1965, p. 194). This meant five or six 
semester hours in mathematical logic, at a time when mathematicians 
were struggling to ensure that future elementary school teachers 
would take that many semester hours in the theory of arithmetic. 
By 1966, Suppes had produced for Singer a K-6 series of textbooks 
entitled Sets and Numbers (Lockard, 1966, p. 122). The 1969 
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versions of these texts, the only ones it was possible to examine, 
included material from all the areas covered in the various 
experiments at Stanford mentioned above. 
In addition to the texts produced at Cleveland and Stanford 
by organizations that had not been involved in secondary school 
curriculum reform, texts were also produced by SMSG. In this 
work, SMSG followed the same pattern as in their development of 
secondary school texts. A conference on the general issues involved 
was held in Chicago in February of 1959. The speakers included 
mathematics educators, such as William A. Brownell and Howard 
Fehr, mathematicians such as Marshall Stone, and people who were 
already active in elementary school curriculum projects. The 
latter included Suppes and Hawley from Stanford and Gustad from 
UMMaP (SMSG, 1959). Judging from the published reports, there were not 
representatives from GCMP at the SMSG conference. 
After the conference, SMSG decided to extend its efforts into 
the elementary school. A Panel on Elementary-School Mathematics 
was appointed to supervise this work, and met for the first time 
in January 1960. In March 1960, the Panel met with five additional 
individuals and prepared an outline for a mathematics program for 
grades 4-6 (Weaver, 1961a, p. 33). Work on units for classroom 
use began at the Stanford Writing Session in the Summer of 1960. 
Completed units were tried out on two summer school classes, and 
then organized into a complete course for grade 4, with the 
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remaining units serving as supplementary material for grades 5-6 
(Wooton, 1965, pp. 99-101). 
The materials were tried with about 4000 children during the 
1960-1961 school year. On this basis the material was rewritten 
at a writing session at Yale in the summer of 1961, and tried out 
on about 32,000 children during the following school year (Weaver, 
1961b, pp. 438-439). During this time, SMSG's Director, E. G. 
Begle, had accepted a new position at Stanford University. 
Stanford was then engaged in ambitious program of self-improvement. 
As part of that program, it had managed to add to its faculty a 
number of outstanding scholars from such Eastern schools as Harvard, 
Princeton, and Yale ("California Gold Rush," 1961, p. 59). When 
Begle left Yale for Stanford, the two universities and the National 
Science Foundation decided that SMSG should move with him. It 
did so shortly after the 1961 writing session. The 1962 writing 
session was held at Stanford (Wooton, 1965, pp. 115, 134). 
At the 1962 writing session, materials for grades 4-6 were 
again revised. A curriculum for grades K-3 was outlined and experimental 
units prepared. These were tried out in 96 classrooms the following 
school year (Weaver, 1962, p. 459). This material was revised at 
the 1963 writing session at Stanford (Weaver, 1963a, p. 514). Texts 
for grades 4-6 were made generally available in 1962, and those for 
grades K-3 in 1964 (Begle, 1968, p. 241). Among the "new math" 
content Included in these texts were sets and a great deal more 
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geometry than had previously been included in the elementary school 
curriculum. 
One of SMSG's principal concerns in preparing elementary school 
texts was the mathematical background of elementary school teachers 
(Wooton, 1965, p. 99). Many such teachers knew little "old math" 
beyond the elementary school curriculum, to say nothing of "new math." 
SMSG's answer to this problem was to prepare extensive teacher 
commentaries to accompany its texts (as it had for its high school 
texts). The commentary for the 1965 version of the grade A text 
ran to nearly 400 pages, even when allowance is made for pages that 
were merely reproductions of pages from the students' text. 
At about the same time that SMSG, GCMP, and Suppes completed 
their text series (1964, 1965, and 1966, respectively), commercial 
publishers began to produce K-6 "new math" text series of their own. 
Some examples are given in Table 3. The Addison-Wesley series 
was especially successful. Just as SRA's series had grown out of 
the GCMP program, the Addison-Wesley series was developed by the 
principals of the Ball State program and others from Ball State. 
Also like SRA, Addison-Wesley scored a tremendous financial success 
with its "new math" series. Corporate sales for the first three 
years of the series were (Black, 1967, p. 37; "New Math Book Sales," 
1965, p. 119); 
1963 
1964 
1965 
$5.3 million 
$8.3 million 
$16.0 million 
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Table 3. Elementary school "new math" textbook series 
Date(s) Publisher Series Title 
1963 Addison-Wesley Elementary School Mathematics 
1963 Laidlaw Arithmetic 
1963-1964 Silver Burdett Modern Arithmetic Through Discovery 
1966 Silver Burdett Modern Mathematics Through Discovery 
1966 Holt Elementary Mathematics 
1968 Laidlaw Mathematics 
1968 Merrill Discovery Mathematics 
Note. This table lists some elementary school textbook series 
that showed. In varying degrees, the Influence of "new math." All 
dates are copyright dates. The sole object of the table Is to show 
that a number of commercial "new math" textbook series became 
available in the mid^l960s. It is not meant to be a complete list 
or to establish priority. 
Addison-Wesley gave away 175,000 samples of their new texts as part 
of their sales effort (Black, 1967, p. 61). By 1965, these texts 
accounted for about half the elementary school mathematics textbook 
sales in the United States (Black, 1967, p. 36). 
The principal elementary level "new math" projects that did 
not produce complete text series were of a number of types. Some 
produced textbooks only for certain grades. Others concentrated on 
research, teacher training, or the production of materials to 
supplement the regular curriculum. A project that ultimately 
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produced texts for only certain grades was the Minnesota Mathematics 
and Science teaching project (MINNEMAST). MINNEMAST was formed In 
the early 19608 in order to develop an integrated program of science 
and mathematics for grades K-9 (Weaver, 1963b, p. 516). It also 
worked to develop teacher training materials relevant to its 
elementary school program, yet also relevant to "old math" and other 
"new math" programs as well. Support came from NSF. 
Initially, the science and mathematics segments of the program 
were developed separately, the mathematics under the direction of 
Dr. Paul Rosenbloom, and the science under the direction of Dr. 
Robert Karplus. The main purpose of the mathematics segment was 
to develop a geometric, graphical approach to arithmetic. A 
writing session in the summer of 1963 produced mathematics materials 
for grades K-3, a variety of science units for grades K-8, and 
the beginnings of texts in mathematics and in methods for teacher 
training (Weaver, 1964, pp. 122-124). The separate mathematics and 
science programs were not united into the coordinated program 
originally desired until the school year 1967-1968, when this was 
done for grades K-1 (Johnson, 1967, p. 2). By this time Rosenbloom, 
the project's founder, had moved on to Columbia (Lockard, 1966). 
By 1972, the project had ended due to termination of NSF funding. 
The coordinated curriculum had been completed through grade 3. 
Texts and laboratory materials remained available after the project 
was no longer active (Status Report, 1972, p. 394). Judging by a 
descriptive brochure produced by MINNEMAST (Johnson, 1967), its 
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mathematical content was modernized In a sense consistent with 
the "new math." On the other hand, the geometric approach to 
algebra, and the Integration of science and mathematics, probably 
made It difficult to Integrate MINNEMAST's K-3 program with some 
other "new math" program In grades 4-6. The elementary school 
programs of SMSG, GCMP, and the commercial publishers mentioned 
above were more like one another than any of them were like MINNEHAST. 
Thus, the availability of materials for grades K-3 only, and the 
fact that those became available only after a wide variety of K-6 
programs were available, probably greatly limited MINNEMAST's 
appeal. 
The 1961 NCTM booklet that did not include GCMP among the 
"major endeavors to improve mathematics in the elementary school" 
(NCTM, 1961, p. 72) also omitted MINNEMAST, which had not yet begun 
in 1961. Besides SMSG and Suppes, It listed the Madison Project, of 
Syracuse University and Webster College, under the direction of 
Robert Davis, and the University of Illinois Arithmetic Project, 
under the direction of David Page. These projects were not 
concerned with producing a complete K-6 curriculum or student 
texts. Instead, they were concerned with creating supplementary 
materials for use in the classroom, and with teacher training. 
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C. Training Teachers to Teach the 
"New Math" 
One way in which Davis and Page contributed to teacher training 
was through NSF summer institutes. Despite the fact that elementary 
school teachers outnumbered high school mathematics teachers by 
about 8 to 1, NSF's elementary teacher institute program was much 
more modest than its secondary program. Table 4 lists institutes 
known to me. The greatest number (21) were held in 1964, compared 
with more than 300 secondary institutes in the peak years of that 
program. Evidently the small number was not due to lack of demand. 
Mehl (1964, p. 112) indicated that a typical institute would select 
40-80 participants from among 500-1200 applicants. Page directed 
such an institute at the University of Illinois in 1961, and 
Davis one at Webster College in 1962. Leslie A. Dwight was especially 
active, directing such institutes every summer from 1961 to 1965. 
In addition to being fewer in number, the elementary institutes 
differed from the secondary in attempting to attract administrators 
as well as teachers. The elementary institutes came to an end in 
1966 ("NSF Drops," 1966). It is doubtful that they had reached 
as many as 1% of the nation's elementary school teachers. 
Another source of retraining for elementary school teachers 
was the NCTM's Journal The Arithmetic Teacher. An article on sets 
in the elementary school appeared as early as 1958 (Lerner & 
Sobel), for example. The Arithmetic Teacher's efforts are especially 
easy to see in the area of geometry. Prior to the "new math," 
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Table 4. NSF summer Institutes for elementary school personnel 
(as announced In The American Mathematical Monthly 
(1959-1960) and The Arithmetic Teacher (1961-1965)) 
Year Math Math and science Source of information 
1959 1 0 Payne, 1960 
1960 1 0 Smart, 1960 
1961 7 4 "Summer Institutes," 
1961 
1962 6 5 "Summer Institutes," 
1962 
1963 11 6 "Summer Institutes," 
1963 
1964 15 6 "Summer Institutes," 
1964 
1965 17 0 "NSF Summer Institutes," 
1965 
1966 10 5 "Summer Institutes," 
1966 
geometry was not a part of the elementary school curriculum. 
Furthermore, many elementary teachers had had no training whatever 
in geometry themselves. Table 5 shows the rapid increase in 
articles on geometry at the time the "new math" was beginning to 
reach the elementary school. 
Another effort that brought "new math" to teachers came from 
Croft Educational Services. It took the form of a series of four 
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Table 5. Articles on geometry in The Arithmetic Teacher during 
selected five year periods 
Years Number of Articles 
1954-1958 1 
1959-1963 8 
1964-1968 48 
1969-1973 47 
Note. Variation between individual years of a single five year 
period is negligible. Data abstracted from NCTM, 1974. 
page articles distributed monthly during the period 1958-1964. The 
series was under the editorship of Francis J. Mueller. Three 
collections of past articles were published in 1964: one for 
elementary school teachers, one for Junior high school teachers, 
and one for high school teachers (Mueller, 1964, Preface). The 
high school collection included articles on such topics as sets, 
structure, inequalities, statistics, modular arithmetic, topology, 
non-Euclidean geometry, linear programing, computers, and vectors. 
The NCTM prepared a somewhat similar series of pamphlets for 
elementary school teachers (Allen, 1964, p. 372). 
Much teacher retraining took place on a local level. In Idaho, 
the NCTM worked with a plan to train a small number of high school 
mathematics teachers who would in turn train many elementary school 
teachers in their own areas. The NCTM produced films for training 
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teachers and for explaining the "new math" to parents, administrators, 
and school boards (Allen, 1964, p. 373). In Iowa, telephone links 
brought lectures on "new math" to over 2000 parents and teachers 
("Spreading the Word," 1965, p. 110). In South Carolina, closed 
circuit television was used to reach teachers throughout the state 
("New Math Book Sales," 1965, p. 117). About two dozen National 
Educational Television stations broadcast training courses for 
teachers during 1965-1966 ("Offerings," 1967). 
There were also efforts to improve the training teachers 
receive in college. An influential group here was the Committee 
on the Undergraduate Program in Mathematics (CUPM) of the Mathematical 
Association of America. When the CUPM's Panel on Teacher Training 
Issued its recommendations ("Training," 1960), they included 
recommendations for elementary school teachers. These included 
one year each of algebra and geometry In high school, followed 
by a one year college course In the number systems of mathematics, 
and one semester college courses in algebra and geometry. The 
latter would teach high school material from a more advanced 
point of view. In all, the panel recommended 12 semester hours 
of college mathematics for future elementary school teachers. 
In the fall of 1962 the Panel began a series of 
statewide conferences in order to give mathematicians, 
educators, administrators, classroom teachers, and 
representatives of state departments of education an 
opportunity to discuss the content and implementation 
of its recommendations for elementary teachers. 
(Slaby, 1966, p. 1) 
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The series of conferences was completed in 1965, by which 
time all fifty states had been represented at one of the 41 conferences 
held (Slaby, 1966, p. 1). The conferences seem to have had some 
effect. CUPM surveyed 762 colleges in 1962 and 901 colleges in 
1966 to see how many semester hours of mathematics they required of 
future elementary school teachers. The results are given in Table 6. 
Table 6. Semester-hours of mathematics required of future elementary 
school teachers in 1962 and in 1966 
Semester hours required 1962 1966 
0-4 68.2% 49.8% 
5-6 27.4% 37.5% 
7-10 3.6% 11.4% 
11-12 0.7% 1.1% 
Note. Data based on Slaby, 1966, p. 55. 
Although this represents a definite increase, we find a negligible 
number of colleges in both years requiring the full twelve semester-
hours suggested by CUPM. 
In addition to making recommendations, CUPM produced course 
guides describing in more detail the content they intended for 
the various courses they recommended. Between 1961 and 1968, 
they distributed nearly 60,000 copies of their Course Guides for the 
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Training of Teachers of Elementary School Mathematics (CUPM, 1968a, 
Inside front cover). They also produced suggested book lists for 
the libraries of teacher training institutions (CUPM, 1965). 
It was mentioned earlier that SMSG believed that currlcular reform 
in the high schools would come to naught without textbooks that 
embodied the suggested reforms. One might take a similar position 
in regard to reforms in college teacher training. For Junior and 
senior high school teachers, the CUPM recommendations could be 
implemented reasonably well by utilizing textbooks that were already 
available. Such texts were already available simply because the 
"new math" reached the colleges before it reached the schools. The 
courses recommended for elementary school teachers, however, were 
another matter. Their content was such as would not normally be 
taught in college to anyone but future elementary school teachers, 
and these courses required special texts. It is worth examining 
a few samples. 
There are two basic types of college mathematics textbooks for future 
elementary school teachers, corresponding to the two basic types 
of courses offered. "Content" courses and texts teach mathematics. 
Normally their Intent is to deepen the future teachers' understanding 
of elementary school mathematics. The CUPM recommendations were 
for content courses. "Methods" courses give the future teacher 
a background in methods of teaching especially relevant in mathematics. 
This distinction Is maintained in many, but not all, textbooks and 
training programs. In some cases, content and methods are taught 
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together. In other cases, methods are taught In a general methods 
course that includes areas other than mathematics (Grossnickle, 
1951; Layton, 1951). 
Among content textbooks from the years prior to the "new 
math," Arithmetic; Its Structure and Concepts (Mueller, 1956) is 
particularly outstanding. This book probably represents the 
highest state of evolution in the Brownell tradition prior to the 
arrival of "new math." Besides serving as a "before" specimen, 
it helps to define "new math." It does this because it shows that 
many topics and ideas associated with "new math" were already 
a part of the Brownell tradition in 1956. In particular, Mueller's 
text covers the following topics: 
Numeration systems 
Numeration and algorithms in bases other than ten 
Approximate calculations 
One-to-one correspondence 
Associative, Commutative, and Distributive Laws 
It stresses understanding rather than rote learning. The number 
line is Introduced, and set ideas are used extensively, although 
modern mathematical terminology is never introduced. Missing, 
in comparison with later texts, is any discussion of topics other 
than arithmetic, such as geometry. There is no clear cut distinction 
between numbers and numerals, and a good deal of the language of 
penmanship (e.g., "bringing down," "invert and multiply," etc.). 
There are also some curious amalgams of mathematics and metaphysics, 
e.g., "Only like numbers can be added," i.e., you can't add apples 
and pears. The thought behind this might have some bearing on 
197 
applying mathematics, but Mueller treats It as being on the same 
level as the commutative and associative laws. 
Among methods textbooks. How to Make Arithmetic Meaningful 
(Brueckner and Grossnlckle, 1947) Is a good example, because of 
Its popularity and long publishing life. The original edition was 
the most popular methods text of Its day (Grossnlckle, 1951, p. 216). 
The methods taught In this book are deeply Imbued with the progressive 
Ideas of the era. There is a heavy emphasis on the uses of 
arithmetic in dally life, and on learning arithmetic in ways that 
reflect such uses, e.g., in the operation of a student store. 
Some use of student discovery and experience with concrete objects 
Is encouraged. The concrete objects, however, are usually 
embedded in a social situation. Students might, for example, 
count the number of erasers on hand in the student store to 
see if more need to be ordered, rather than counting objects 
(e.g. dried beans) brought into the classroom just to serve as 
counters. Brueckner and Grossnlckle further exhibited their 
progressive heritage by quoting extensively from educational research, 
and from the work of W. A. Brownell. The mathematical content 
of their text is very traditional, much more so than the content 
of Mueller's text. 
How to Make Arithmetic Meaningful is of special interest to 
us because it went through a succession of editions over a period 
of more than twenty years, adapting to the "new math" in the 
process. In that process, both the title and the authors gradually 
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changed. The fifth edition. Discovering Meanings in Elementary 
School Mathematics, by Grossnickle, Brueckner, and Reckzeh (1968) 
gave a brief history of the series (pp. iv-vi). The third edition, 
in 1959, was in the tradition of the first. The fourth, in 1963, 
reflected a mathematics curriculum in a state of flux, as the "new 
math began to influence the elementary school curriculum. In the 
fifth edition of 1968, the authors felt that they had fully 
integrated the new programs. Whereas the first edition tacitly 
assumed that its readers knew all they needed to know about 
arithmetic, the fifth edition contains a substantial amount of 
material on modern mathematics that the authors realize will 
probably be new to readers. The emphasis on placing arithmetic in 
a social context has vanished and been replaced by an effort to 
place it in a mathematical context. It is Interesting that the 
authors regarded the "new math" as an extension of the progressive 
tradition of Brownell, and that they gave SMSG principal responsibility 
for the introduction of "new math" into the elementary school 
curriculum. 
Nineteen sixty-three saw the first edition of Brueckner and 
Grossnickle that reflected modern mathematics. The same year saw 
the appearance of a content text presenting arithmetic from a 
modern point of view, and parts of modern mathematics beyond 
arithmetic. The text was Fundamental Concepts of Arithmetic. 
by Hacker, Barnes, and Long (1963). This text included such 
modern topics as sets, numeration in bases other than 10, modular 
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arithmetic, the field properties, deductive systems, and a discussion 
of the completeness of the real number system. It grew out of NSF 
Summer Institutes the authors had conducted for high school teachers 
(p. vlii). As a means of reaching the much larger number of 
elementary school teachers, the authors hit upon the idea of training 
selected secondary school teachers who would In turn train elementary 
school teachers in their own school systems. Preliminary versions of 
the text were prepared in order to do this. They were used also 
in courses training future teachers. 
Subsequent years saw a growing number of such texts appear. 
One of these was by Leslie A. Dwlght, who had been so active in NSF 
Summer Institutes. Dwlght's Modern Mathematics for the Elementary 
Teacher (1966) was explicitly written as a text for the two-course 
sequence on the number systems of mathematics suggested by CUPM (p. v). 
The approach was based on SMSG's ninth grade algebra text, but 
was less rigorous and abstract (p. vll). Indeed, Dwlght claimed 
most of the subject matter In his text had been taught successfully 
to children in grades 1-6 (p. v). This put Dwlght's text at a 
lower level than the Hacker, Barnes, and Long text. Dwlght appears 
to have been concerned only with presenting arithmetic from a 
modem point of view, and not with giving his readers a broader 
appreciation of modem mathematics. Indeed, the mathematical 
level is probably lower than was Intended by CUPM, who (1968a, 
pp. 4-7) made it clear that their intended course should have a 
year of high school algebra as a prerequisite, and that it should 
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move beyond this to deepen the students' understanding of our 
number systems, not simply teach to teachers things that they 
should teach to children. 
There were two important things that Dwight's text shared 
I 
with the fifth edition of Grossnickle, Brueckner, and Reckzeh, 
but not with Hacker, Barnes, and Long. First, Dwight's text 
contained much discussion of teaching methodology. Second, 
Dwight's text contained a chapter on non-metric geometry. Non-
metric geometry deals with such things as the classification of 
geometric figures by shape or other qualitative characteristics. 
Its inclusion in the elementary school curriculum was an innovation 
of the "new math." 
There were also a number of texts for future elementary school 
teachers written by men who had been a part of the "new math" movement 
from the beginning. These are important in that they show the 
continuity of the "new math" movement, both over the years, and 
between the college, secondary, and elementary school level. 
Generally speaking, these texts were content texts, although some 
of them gave some attention to methods. 
Henry Van Engen (and two coauthors) published Foundations of 
Elementary School Arithmetic in 1965. Van Engen had been a 
member of the Commission on Mathematics of the CEEB, the Advisory 
Committee of SMSG (Wooton, 1965, pp. 145-148), CUPM, and the 
CUPM's Panel on Teacher Training (CUPM, 1966). Teaching Modern 
Mathematics in the Elementary School by Howard Fehr and Jo Phillips 
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appeared in 1967. Fehr had also been a member of the Commission 
on Mathematics and SMSG's Advisory Committee, as well as SMSG's 
Panel on Teacher Training (Wooton, 1965, pp. 145, 148, 152). 
Fehr-Phllllps dealt with teaching methods. Van Engen did not. 
Both Included sections on non-metric geometry. 
Two other content texts of the era were Elementary Mathematics 
for Teachers, by Brumflel and Krause (1969), and Elementary 
Mathematics for Teachers by Kelley and Richert (1970). Brumflel 
was director of the Ball State program. Kelley had produced an 
early, classic college text on topology, as well as the text for 
Continental Classroom's modern algebra course, which Kelley taught. 
The Kelley-Rlchert Elementary Mathematics for Teachers Included 
sample pages from modern elementary school mathematics text series. 
The series chosen was Addlson-Wesley's downward extension of the 
Ball State secondary school text series. Brumfiel-Krause Included 
sections on non-metric geometry but Kelley-Rlchert did not. 
Finally, Carl Allendoerfer's Principles of Arithmetic and 
Geometry for Elementary School Teachers was published in 1971. 
We saw earlier that Allendoerfer and Cletus Oakley had produced 
one of the early college level "new math" textbooks, and that 
Oakley had been Instrumental in the formation of the Commission 
on Mathematics of the CEEB. Allendoerfer was a member of the 
Commission (Wooton, 1965, p. 145). His text too contained little 
about teaching methods. It did contain a short section on non-
metric geometry. 
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The "new math" was also reflected In the methods texts of 
this era. Crulkshank (1968) made a study of pure methods texts. 
Identifying (p. 82) the six most popular methods textbooks. Among 
these was the 1963 version of Brueckner-Grossnickle. It was possible 
to examine all of these books, and they all reflect the impact 
of "new math." The least Influenced book remained close to the 
Brownell tradition, with only some mention of "new math." Unfortunately, 
the author's grasp of this material was limited. Four of the books 
treated "new math" topics in varying degrees, and with reasonable 
competence. The sixth was specifically intended to prepare 
teachers to teach the new programs. 
D. Dissemination 
As textbooks for students and for teacher training became 
available, elementary school "new math" made its way into the 
classroom. Evidence of Its widespread adoption is largely indirect. 
We have seen that the earliest elementary school "new math" texts 
became great sales successes. Another kind of evidence for the 
wide adoption of "new math" is the large number of popular 
magazine articles that appeared in the early 1960s. Some of 
these are listed in Table 7. In addition to articles, there were 
books explaining "new math" to adults. Popular discussions of 
elementary school "new math" made it clear that many parents 
were disturbed to find their children bringing home schoolwork 
that the parents could not do. One of the earliest books to 
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Table 7. Popular magazine articles on elementary school "new 
math" 
Year Magazine 
1962 Business Week 
1963 Look 
PTA Magazine 
Parents 
Better Homes and Gardens 
1964 PTA Magazine 
Saturday Review 
Time 
1965 PTA Magazine 
Newsweek 
Business Week (2) 
Saturday Review 
Time 
Good Houskeeping 
Note. Source: Mueller, 1966, pp. 622-623. 
help parents cope with this situation was Irving Adler's A New Look 
at Arithmetic, first published in 1964. This book tried to present 
arithmetic from a modern viewpoint. It dealt only with the 
mathematical content of "new math," and made no attempt to describe 
the history or purpose of the curriculum reform movement. It 
covered such "new math" topics as sets, numeration systems, modular 
arithmetic, arithmetic in bases other than ten, inequalities, 
and the field properties. The paperback edition (75^) appeared 
in 1965. The advertisement inside its front cover offered to 
introduce "the parent, the student, and the elementary teacher 
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to the new mathematics that Is sweeping the nation's classrooms." 
The publisher also advertised Adler's book In the pages of the 
NCTM's journal The Mathematics Teacher (e.g., April 1966, p. 403). 
This marked the beginning of a flood of books directed at 
people such as parents and teachers whose Interest In "new math" 
stemmed not from Intellectual curiosity, but from a need to deal 
with "new math" as It began to appear In the nation's elementary 
school classrooms. Indeed, the publisher of the paperback version 
of A New Look at Arithmetic advertised. In the back of Adler's 
book, and In the advertisement already mentioned In The Mathematics 
Teacher, another paperback book entitled The "New" Math for Teachers 
and Parents of Elementary School Children. In a similar vein was 
Evelyn Sharp's A Parent's Guide to the New Mathematics (1964; 
paper, 1965). 
Sharp's book was very clearly a response to the spread of 
"new math" In the schools. Indeed, the first chapter of her book 
deals not with the revolution In mathematics In the nineteenth 
century, but with the curriculum reform movement of the 1950s 
and early 19608. The treatment Is brief but knowledgeable. She 
then discusses a number of "new math" topics such as sets, modular 
arithmetic, the number systems of mathematics, the field properties, 
inequalities, matrices, probability, and non-metric geometry. 
Throughout, there are frequent references to the treatment of these 
topics in the publications of the Commission on Mathematics of the 
CEEB, UICSM, UMMaP, SMSG, NCTM, Suppes et al., and others. The 
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mathematical level Is lower than In Adler's A New Look at Arithmetic. 
In part, this seems intentional. Sharp seems more concerned to 
impart familiarity with, rather than mastery of, the mathematics 
she discusses. However, the mathematical level is also lowered 
unintentionally by a number of false, or at least inexact and 
misleading, statements. 
A similar text at a higher mathematical level is Evelyn B. 
Rosenthal's Understanding the New Mathematics. This book is 
interesting for its publishing history. The paperback edition 
appeared in February 1965. Second and third printings followed in 
May and June of that year. The hardcover edition followed in August, 
with a fourth printing of the paperback edition in January of 1966. 
Evidently the publisher had underestimated the demand for knowledge 
of the "new math." It Is worth noting, in passing, that although 
the developers of the "new math" programs rarely used that term 
in the early years, all of the authors mentioned above included 
the phrase "new math(ematics)" in their titles. 
The year 1965 also saw two other "new math" paperbacks, this 
time noteworthy for their authors. Carl B. Allendoerfer's 
Mathematics for Parents did not use the phrase "new mathematics" 
in its title. Allendoerfer had produced some of the early "new 
math" college texts, and been a member of the Comnlsslon on Mathematics 
of the CEEB. While one might wonder whether some of the spirit of 
the "new math" was being lost in the process of translation into 
popular books, the Allendoerfer book came straight from the source. 
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a leader in the "new math" movement from the beginning. His book 
for parents grew out of a television series broadcast in the 
Seattle area (Allendoerfer, 1965a, p. vi). Our other noteworthy 
author is Francis J. Mueller, whose Understanding the New Elementary 
School Mathematics; A Parent-Teacher Guide also appeared in 
1965. Mueller had been a representative of the progressive tradition 
of W. A. Brownell in the 1950s. I have already mentioned his book 
for future elementary school teachers. Arithmetic; Its Structure and 
Concepts (1956). During the 1960s, Mueller had been editor of 
the series of "new math" pamphlets produced by Croft Educational 
Services. 
The mid-1960s saw many other "new math" books for parents. 
In September 1965, Harpers ran a review by Darrell Huff of nine 
such books. All had been published in 1964 and 1965. Parents also 
learned of the "new math" via television. In 1965-1966, half a 
dozen National Educational Television stations ran courses in 
modern mathematics for parents ("Offerings," 1967, pp. 534-535). 
The Arithmetic Teacher ran a letter to parents from a teacher, 
explaining the "new math" (Petronia, 1966). And finally. In 1965, the 
"new math" became a subject of Peanuts cartoons, surely a sign that 
it had become part of our culture. 
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E. The Conflict Between Elementary School 
"New Math" and the Progressive Tradition 
In Education 
The many popular books and articles on "new math" In the I960's 
reflected a strong public concern. On the whole, this popular 
literature reassured parents of the value of "new math." This 
reassurance gave the Impression that the entire educational community 
supported the new programs, but such was not the case. A study by 
Huettlg and Newell (1966) examined teachers' attitudes towards 
the "new math." Teachers with coursework In the "new math," and 
teachers with one or two years of experience, were overwhelmingly In 
favor of the "new math." Those whose background In "new math" 
consisted of a single workshop, and those with 3-9 years experience, 
were about evenly divided. Teachers with no training In the "new 
math," and those with more than ten years of experience, were 
overwhelmingly opposed to the "new math." 
In the face of these mixed attitudes on the part of parents 
and teachers, one might ask why elementary school "new math" 
spread so rapidly, and why, at least Initially, It faced little 
opposition. Attempting to answer this question will lead 
us to a deeper understanding of the "new math" movement and 
Its causes. One of these causes was the values Inherited from 
the progressive education movement. 
Robert B. Davis (1967, pp. 3-19) has argued strongly for the 
Important role of progressive education In the "new math" movement. 
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While it is true that progresslvlsm was Important, It Is probably not the 
case that the "new math" was an extension or rebirth of progresslvlsm 
(Davis, 1967, p. A). While such a description might be accurate for 
certain Individuals, such as Max Beberman, or Davis himself, 
it does not apply to the "new math" movement as a whole. The 
Commission on Mathematics, for example, wished primarily to bring 
the content of high school mathematics Into greater conformity with 
the ideas of contemporary mathematicians on the nature and meaning 
of mathematics, and on what mathematics was most worth learning. The 
Ball State Program took a similar approach. The only thread of 
progresslvlsm to be found in this approach is its desire to improve 
things. 
Instead, it was the incorporation of the viewpoint and some 
of the content of modern mathematics that was the distinguishing 
characteristic of the "new math." It is a characteristic shared by 
all the programs we have examined. The reasons for the Influence 
of modern mathematics have little to do with progresslvlsm. They 
include: 
1.) the normal, gradual filtering down of modern 
mathematics from the research frontiers, to 
the graduate schools, then the colleges, etc.; 
2.) the vitalizing impact that World War II related 
research had on college mathematics teachers; 
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3.) Max Bebernan's decision to turn to research 
mathematicians to clarify the basic concepts 
of algebra; 
4.) the work of E. G. Begle in getting mathematicians 
involved in producing new curricula; and 
5.) the financial support of the federal government 
for Regie's efforts. 
This financial support, in turn, was due in large part to the 
cold war atmosphere of the time, and national concerns raised by 
Sputnik. 
In this view, the role of the progressive education movement 
in the spread of the "new math" had nothing to do with the content 
or origins of most "new math" programs. Instead, progressivism 
was important because it had had such a strong influence in establishing 
the conventional wisdom of the education profession. Most teachers 
and colleges of education had inherited many of progressivism's 
values, including a contempt for rote learning, and a commitment 
to teaching for understanding. W. A. Brownell was especially 
influential in upholding and spreading these values in arithmetic 
instruction. His extensive research reached many teacher trainers, 
and the various textbook series he helped to produce were familiar 
to many teachers. 
In view of this climate of values, it is interesting to note 
how frequently popular books and articles on elementary school 
"new math" insisted that its most Important characteristics was 
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that It taught the "why" of mathematics, that It taught understanding, 
rather than mere memorization. There was often an additional 
implication that only "new math" did this. This characteriza­
tion was quite inaccurate. As has already been said, the common thread 
of the "new math" programs was the influence of modern mathematics. 
Programs aimed at understanding had existed at least since Warren 
Colburn in the 1820s, and Brownell's texts had been available for 
a quarter of a century when elementary school "new math" arrived. 
Indeed, there were mathematics educators who felt that the teaching 
of arithmetic could be greatly improved if only elementary school 
teachers could be given the mathematical training needed to use the 
texts of the 1950s effectively, whereas any attempt to modernize 
the content of those texts would only aggravate the problem of 
inadequate teacher training (Marks, 1963, pp. 474-475). This viewpoint 
did not prevail. 
Instead, the erroneous impression that the "new math" was the 
one, true embodiment of progressive values led to its acceptance 
by many educators. At the same time, concern among both educators 
and the general public about Sputnik and the cold war did much 
to create a feeling that something drastic needed to be done to 
Improve American education. Certainly the biggest guns in sight 
were those of SHSG. Its huge budgets and widespread publicity 
enabled it to dwarf such work as was being done that really was 
an extension of the progressive tradition. 
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In this climate, it was hard to speak against the adoption 
of a "new math" program. Sputnik had made the programs of the 
1950*8 look like failures. The "new math" programs were widely 
publicized, while alternatives were not. Even after the new 
programs were adopted, and both teachers and parents began to 
struggle with sets, numeration systems, and doubts, they remained 
hard pressed to suggest better alternatives. As parents and teachers 
struggled in private with their doubts, others began to express their 
doubts more publicly. Among those to do so were some of the 
leading mathematics educators in the Brownell tradition, including 
Brownell himself. It is these men, rather than the creators of the 
"new math" programs, that hold best claim to being carriers of 
the torch for progressivism. 
Brownell expressed his own doubts at SMSG's Chicago Conference 
on Elementary School Mathematics in 1959. In a speech given at 
that meeting, he warned against looking only at the mathematical 
aspects of the arithmetic curriculum (Brownell, 1959, p. 17). 
While Brownell felt that his own "meaning" approach to arithmetic 
had put more stress on the mathematical structure (in Bruner's sense) 
of arithmetic than had earlier programs, he also felt that the 
mathematical aspects had to be kept in balance with the progressives' 
concern for the nature of the child, and the practical utility of 
arithmetic. 
While Brownell had been an outspoken critic of using contemporary 
adult usage as the sole criterion for selecting the content of 
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the arithmetic curriculum (Brownell, 1954, p. 2), he did feel 
that the uses of arithmetic were Important, and he used the 
connections between arithmetic and everyday life to reinforce 
the meanings he felt were so important In learning arithmetic. 
One way in which Brownell did this was through extensive use of 
what are variously called story, word, or applied problems. For 
example, the author took a stratified random sample of 10 pages per 100 in 
a fifth grade textbook of which Brownell was coauthor (Buswell 
et al., 1938). This led to an estimate of 610 such problems in 
the entire text. A similar procedure for the SMSG fifth grade 
text (SMSG, 1965b) estimated 140 such problems. Evidently SMSG 
did not heed Brownell's advice. 
Broimell seems to have equally Ignored SMSG. In fact, the literature 
contains no further comments by Brownell on the elementary "new math*' 
programs developed after he gave his warning. Other mathematics 
educators were more vocal. One of the first to apeak out was 
Howard Fehr of Teachers College, Columbia. Fehr was clearly 
in the Brownell tradition. In a 1950 article, he decried rote 
learning, and accused the schools of a stifling authoritarianism 
that bred conformity and contributed to "the systematic destruction 
of creative intelligence" (p. 213). He was one of the first to 
decry the language of penmanship so prevalent In mathematics 
instruction. In this, and In comments such as "we teach solving 
an equation but not what an equation is" (p. 216), he was close 
in spirit to Beberman. However, he also shared Brownell's concern 
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that mathematics education not become overly mathematical (Fehr, 
1959b, pp. 18-19). Fehr would have preferred to see secondary 
curriculum reform carried out by better-trained teachers through 
the NCTM rather than by the sorts of groups that were actually 
carrying out such work. On the whole, however, Fehr's 1959 article 
Is neutral to positive toward secondary "new math." 
In a 1963 article, Fehr expressed additional reservations. 
This was the time at which elementary school "new math" programs 
were beginning to spread across the nation. While applauding 
the aid of modern mathematics In reforming the content and language 
of secondary school mathematics, Fehr criticized the tendency of the 
new programs to Ignore applications (p. 405). At the elementary 
level, he felt that the new programs put too much emphasis on 
verbal and symbolic formulations (pp. 408-409), and not enough 
on experience with concrete objects (p. 405). Three years later 
he was even more critical. After describing the branches of modern 
mathematics, he stated flatly and emphatically that, "they have no 
place—no place—In elementary school mathematics" (Fehr, 1966, 
p. 83). Among the things Fehr felt were out of place In the 
elementary school were (Fehr, 1966, pp. 83-85): 
1.) the use of set symbolism and set operations 
(union, intersection, etc.), 
2.) the teaching of arithmetic in other bases, 
3.) the distinction between numbers and numerals 
(pioneered by UICSM), 
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4.) geometric constructions (pioneered by Hawley), and 
5.) explicit mention of principles such as the commutative, 
associative, and distributive laws. 
It Is Important to contrast Fehr's criticism with the 
earlier criticisms of secondary "new math." The latter came 
largely from outside mathematics education. Kline was an applied 
mathematician who had never been constructively Involved In elementary 
or secondary mathematics education. The other criticisms mentioned 
earlier came largely from other applied mathematicians and Isolated 
college and high school teachers (e.g.: Manhelmer, 1960; Smith, 
1960). Fehr, on the other hand, was an established leader In the 
field of mathematics education. He had been President of the 
NCTM from 1956-1958 (Hlavaty, 1970, p. 146) and at the time his 
criticisms appeared In print he was Chairman of the Department of 
Mathematical Education at Teachers College, Columbia University. 
He was not a critic one could easily Ignore. 
A more surprising, and even harder to Ignore critic of elementary 
school "new math: was UICSM's Max Beberman. A 1965 article in 
Time on '|The Trials of the New Math" described the concerns of 
Beberman and his colleagues. Beberman's main concern at this 
time was that elementary school "new math" was spreading much faster 
than was Improved teacher training. He said: 
"What I'd like to do is take all these people 
who say, 'Let's have new math, let's get it into 
the schools,' and shake them up and say, 'First 
let's make sure the teachers who are going to 
teach it know what's going on.'" 
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Professor Robert Wlrtz, an associate of Beberman's 
at the University of Illinois, visited more than 100 
elementary schools all over the U.S. and reported: 
"The teachers I found are frightened. They don't 
understand the new math or why they are supposed to 
teach it." ("The Trials of the New Math," 1965) 
The Time article, along with a similar article in Newsweek 
("The New Math: Does it Really Add Up?", 1965), marked the beginning 
of "new math" criticism in the popular press. The Newsweek 
article reported doubts and criticism from Beberman, Kline, and 
others. Disillusioned with the development of "new math" In the 
United States, Beberman went to England at the end of 1971 to 
study mathematics education reforms taking place there. He died 
shortly after arriving (Kline, 1974, pp. 132-133). 
Another leader in mathematics education who became a critic of 
elementary school "new math" was Henry Van Engen. xTan Engen was 
involved in elementary school mathematics education long before the 
"new math" began. During the 1930s, George Russell, a mathematics 
editor for the textbook publisher Scott, Foresman, became interested 
in the kinds of reforms Brownell was advocating. During the early 
1940s, Russell, Van Engen, and Maurice Hartung of the University 
of Chicago, began meeting regularly to discuss ways of Improving 
the teaching of arithmetic (Black, 1967, Ch. 5). The discussions 
gradually led to a textbook series—very gradually. Texts for 
grades 1, 2, and 3 appeared in 1948, 1951 and 1954, respectively. 
The last text in the series, for grade 9, did not appear until 1964. 
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Van Engen, like Fehr, was strongly In the Brownell tradition. 
It was mentioned earlier that the first Issue of The Arithmetic Teacher 
In 1954 opened with an article by Brownell reviewing the past fifty 
years In mathematics education. A year later there appeared an 
article by Van Engen that seemed to be a sequel to Brownell's 
article. Entitled "Which Way Arithmetic?", Van Engen's article 
was concerned with future rather than past developments In mathematics 
education. The only hints of "new math" occur when Van Engen 
advocates teaching children to write equations (p. 135) such as 
6 + N - 9, and In his Insistence on more precise language (pp. 138-
140), Including the number-numeral distinction. 
This Is emphasized here because Black (1967, p. 64) seems to regard 
the texts Van Engen helped to write as the pioneer "new math" 
series. On the contrary, as late as the early 1960s, the third grade 
text In the series (Hartung et al., 1963) contains not a single topic 
from modern mathematics. Sets are not even mentioned In the Index. 
Although the words "number" and "numeral" are used precisely, there 
Is little effort to ensure proper usage on the part of the student, 
or even the teacher. In fact^ the Van Engen text Is more 
like the Brownell texts of the same era (such as Buswell et al., 
1961) than It is like the "new math" texts. In one respect, the 
Van Engen series is even further from "new math" than Brownell. It 
rarely relies on verbal explanations. Indeed, the first grade 
text contained no words (Black, 1967, p. 66)! 
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Although Van Engen's texts were not "new math," Van Engen himself 
was very Involved In early "new math" projects. He was a member of 
the Commission on Mathematics, and In 1957 he reported the Commission's 
recommendations to the annual convention of the Central Association 
of Science and Mathematics Teachers (Van Engen, 1958). The tone of 
Van Engen's speech certainly suggests that he supported those 
recommendations. It is important to remember that the Commission's 
Report was not published until 1959. Most of the Commission's 
influence came before that, largely through members' speeches, such 
as Van Engen's, to teachers associations, and, especially, to the 
first writing session of SMSG in 1959 (Wooton, 1965, p. 18). 
In 1958, Van Engen gave another speech, later published as 
an article in The Arithmetic Teacher entitled "Twentieth Century 
Mathematics in the Elementary School" (Van Engen, 1959). That 
title was somewhat misleading, as most of the article simply reasserts 
the values of Brownell. However, hope is expressed that the 
awakening interest in the elementary school curriculum among profes­
sional mathematicians might lead to great improvements. 
This hope was short lived. In 1960, Van Engen again addressed 
the convention of the Central Association of Science and Mathematics 
Teachers (Van Engen, 1961). This time he pointed out that the 
psychology underlying our instruction must be as modern and precise 
as the mathematics. In particular. Van Engen felt that research 
mathematicians Interested in curriculum reform often showed "a 
woeful lack of psychological insight" (p. 245). His speech ended 
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with a number of examples of recent curricular reforms he felt 
were unfortunate (pp. 248-250). 
Finally, In 1971, Van Engen published two short articles In 
The Arithmetic Teacher that were wholly critical of the "new math." 
In "The New Formalism," he wrote: 
The reformers have been preoccupied with "good" 
mathematics as a mature individual sees mathematics. 
As a result, in some programs the mathematics is good; 
but the pedagogical foundations are impossible. 
Once a teacher focuses exclusively on mathematics, 
then creativity, imagination, and language fly out the 
window. For the elementary school, informality and 
intuition may be better curricular guides than mathe­
matics as the mathematician sees it. (Van Engen, 1971a, 
p. 70) 
In "The Morning After," Van Engen expressed similar dismay with the 
impact of mathematicians on the content of courses to train future 
elementary school teachers. Of course, we have already seen 
that both Van Engen and Fehr were involved in the mid-1960s 
in the production of texts presenting their viewpoints on pedagogy 
to future elementary school teachers (Fehr and Phillips, 1967; 
Van Engen et al., 1965). 
The reaction of leading progressive mathematics educators 
such as Fehr, Van Engen, and even Beberman, to elementary school 
"new math" makes it hard to maintain that elementary school "new 
math" was an outgrowth or extension of progressivism. Admittedly, 
these progressives remained less negative toward secondary "new 
math," and had initially been enthusiastic about elementary school 
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"new math." It was Fehr who formulated one of the most 
crucial Issue In understanding this ambivalence. 
Modern mathematics per se has no place In 
elementary school mathematics, but it does have 
implications for the reformation of our teaching 
of mathematics in the elementary school (Fehr, 
1966, p. 90) 
Probably this issue, more than any other, separates the progressive 
tradition from the "new math," and therefore merits further discussion. 
Let us use set theory as an example. 
At some time after the turn-of-the-century researches into 
the foundations of mathematics and the nature of number, some 
mathematicians realized that the results of this research had 
implications for our view of arithmetic. It is not known who made 
this realization, or where, but some time thereafter a new question 
arose: could this new view of arithmetic make a contribution to 
the teaching of arithmetic? Not so long as it was known only to 
mathematicians. Who else, then, should learn about set theory? 
Some possible candidates were: 
1.) textbook writers, 
2.) teacher trainers and mathematics educators, 
3.) high school teachers, 
4.) grade school teachers, 
5.) high school students, and 
6.) grade school students. 
In the 1950s, it became generally agreed that the first two groups 
should know something about set theory. Of the remaining groups, 
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there were two schools of thought. One group, the group here associated 
with progresslvlsm, seemed to feel that one would not automatically 
teach set theory to groups 3-6. One would do so only If there were 
reason to believe that explicit treatment of sets would really be 
understandable to members of the group, and would actually aid their 
understanding of arithmetic. In this group, one might place Fehr. 
Van Engen, and Karl Menger. Menger was probably the first to put 
Into practice the philosophy of using modern mathematics to Improve 
ones teaching without actually trying to teach modern mathematics 
to one's students. 
At the other extreme, the one here associated with "new math." 
were those who felt that modern mathematics should be taught to 
as many people as possible. Among these we should especially 
Include the Commission on Mathematics and the work of Suppes and 
Hawley. 
The gap between mathematicians and educators was bridged by 
two men: Max Beberman and Jerrold Zacharias. Beberman, generally 
a mathematics educator In the progressive tradition, turned to 
mathematicians to clarify the fundamental ideas of algebra, such 
as the idea of a variable. However, once having established contact, 
Beberman left it to the mathematicians to decide what was appropriate 
content for school mathematics (Brown, 1968, p. 211). (Perhaps 
Menger was not so deferential because the mathematician he turned 
to was himself.) As we have seen, Beberman later regretted this. 
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In Beberman's UICSM project, there was a curious mixture of 
progressive pedagogy with large doses of modern mathematics. 
These remained In balance through the 1950s, until the Commission 
on Mathematics began to work for the adoption of modern mathematics 
for Its own sake. The next bridge came from Zacharlas. His PSSC 
project was the first curriculum revision project to obtain NSF funding. 
In a telephone conversation In the summer of 1980, he said that once 
PSSC was well on Its way to success, the NSF approached him to ask 
If something similar might be done in chemistry, biology, and 
mathematics. To help with the latter, Zacharlas contacted another 
MIT faculty member, W. T. Martin, then chairman of MIT's Department 
of Mathematics. Martin set up a meeting of some mathematicians 
he knew. This meeting was the NSF Cambridge conference that led to 
the formation of SMSG. 
As we have already seen, the SMSG writing teams were organized 
so that half the members were mathematicians. At the first writing 
session, SMSG provisionally adopted the position of the Commission 
on Mathematics, which favored the teaching of modern mathematics, 
but said nothing of progressive pedagogy. We have seen also that 
progressive pedagogy in the manner of Beberman was present only 
in trace amounts in the SMSG texts. The formation of SMSG ended 
"new math's" ties with progressivlsm. At the same time, it 
began its rapid spread, thanks in large part to NSF funding. With 
this rapid spread came problems. 
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The problem of reforming the teaching of mathematics Is very 
different from the problem of reforming the teaching of biology, 
chemistry, and physics. The latter are generally one year high 
school courses, taken by college bound students, and taught by 
teachers with a number of college courses In the area. Mathematics, 
on the other hand, is taught to all students, from the time they 
first enter school, often by teachers with very little mathematical 
training. Thus, mathematics education reform was much more susceptible 
to the kinds of things Fehr and Van Engen were to criticize. 
Evidently Zacharlas did not forsee this, for he certainly 
shared the misgivings Fehr and Van Engen had as elementary school 
"new math" began to spread. He said that his involvement in the 
"new math" is "something I have to live down." He felt that SMSG 
had been controlled mainly by mathematicians, to the detriment of 
the elementary school curriculum. His biggest concern seemed to be 
his belief that the new programs often killed childrens' interest 
in arithmetic. The only "new math" leaders he mentioned favorably 
were Robert Davis and David Page. This is not surprising, for 
these men were part of the progressive tradition, and not part 
of the "new math" at all. 
F. The Neo-progressives 
All throughout the "new math" era, the progressive tradition 
in mathematics education continued. Some progressives, such as 
Beberman and Van Engen, tried to combine modern mathematics and 
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progressive Ideology. Others, who did not, were less conspicuous 
while attention was riveted on "new math." Among the less conspicuous 
were W. W. Sawyer and Catherine Stern. 
Sawyer was an English applied mathematician with a strong 
Interest In mathematical education. He wrote a number of books 
explaining mathematics to the general reader. These include 
Mathematician's Delight (1943), Prelude to Mathematics (1955), 
and What is Calculus About? (1961). All of these books use a 
concrete, intuitive approach to mathematics. Only Prelude to 
Mathematics contains any modern mathematics. 
In 1957, Sawyer came to the United States, where he remained 
until 1965. Soon after his arrival, he began teaching algebra 
experimentally to fifth graders (Sawyer, 1960a). Again the approach 
was very concrete and intuitive. Sawyer argued publicly (1959) 
for such an approach, saying that the central issue in mathematics 
education was the elimination of rote learning rather than the 
introduction of modern topics or a modern viewpoint. His review 
of the UICSM algebra textbook (Sawyer, 1960b), already mentioned, 
was largely negative. He felt that the best part of Beberman's 
work was its emphasis on discovery (Sawyer, 1959, p. 272). 
Sawyer later (1966) produced a book of his own on modern 
mathematics. In it, he criticized the manner in which modern 
mathematics was being presented at that time (p. 8), and asserted 
that the nation's need for scientists and engineers would have 
"to be met, not by new mathematics, but by old mathematics. 
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extremely well taught" (Sawyer, 1966, p. 14). If we bear in mind 
that the attack on rote learning had long been a central Issue In 
mathematics education and in the progressive movement, then 
Sawyer appears as a spokesman for this tradition. Although he 
wrote on modern mathematics, and his book explaining calculus (1961) 
was part of a series initiated by SMSG, Sawyer clearly felt that 
the values of progressivism were much more Important than the 
introduction of modern mathematics. 
Catherine Stern was another progressive mathematics educator 
whose work proceeded independently of the "new math" movement. Her 
work dealt mainly with arithmetic and was centered around the 
Stern Blocks (Stern, 1958). Progressives as far back as Pestalozzl 
(Cubberley, 1934, pp. 344-350) had advocated teaching children abstract 
ideas through concrete materials that the child could manipulate 
with his or her own hands. The Stern Blocks were an integrated 
set of manipulative materials that were part of a system for teaching 
arithmetic. Sawyer (1959, p. 273) felt that Stern's Blocks were 
the best available such materials. 
Stern was invited to describe this program at SMSG's 1959 
Conference on Elementary School Mathematics. Her description put 
heavy emphasis on learning by discovery (Stern, 1959). At the time, 
her materials were available for kindergarten through grade 2. The 
Carnegie Corporation provided a research grant to extend this to 
grades 3-6. While there is no evidence that Stern had any impact 
on SMSG, the 1968 version of GCMP's grade 2 course seems to have 
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adapted some of Stern's ideas. GCMP, however, uses pictures of 
Stem-like blocks rather than the blocks themselves. Here again 
we have the "new math" tendency to move toward the abstract 
contrasted with the progressives' tendency toward the concrete. 
Some mileposts on this continuum would be: 
1.) actual physical objects; 
2.) pictures of physical objects; 
3.) verbal symbols (i.e., words); 
A.) special mathematical symbols (e.g., 5, +, {}, variables). 
In later years, Jerold Zacharias (1976) was especially interested 
in issues concerned with varying levels of abstraction in mathematical 
learning. 
While there were many others in this era carrying on the progres­
sive tradition, the two most important to mention are Robert Davis 
and David Page, for these two are generally considered part of the 
"new math" movement. Page, along with Jack Churchill, began the 
University of Illinois Arithmetic Project In 1958 (Lockard, 1966, 
p. 237). Page, who had earlier been a member of UICSM (UICSM, 
1957, p. 457), became director of the Arithmetic Project. Initial 
funding of $307,000 came from the Carnegie Corporation. The 
original intention of the project was to create an elementary 
school mathematics program (not necessarily limited to arithmetic), 
producing textbooks and teacher guides, and providing training 
for teachers planning to teach the program (Page, 1959, p. 419). 
The program actually produced was quite different from those 
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produced by SMSG and GCMP. For example, the Project never did 
produce the series of student textbooks that had been planned. 
Indeed, no attempt was made to reform the elementary school 
curriculum as a whole (Hennessy, 1970, pp. 356-357). Instead, 
lessons on specific topics new to the elementary school were 
developed experimentally. The goal was to find topics that would 
capture the Interest and imagination of children. Some of the 
topics developed early In the Project's history (such as the use 
of "frames") 
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became a part of many elementary "new math" textbook series. 
Other materials developed were more advanced, or more modern, 
than anything widely adopted. Despite these pioneering efforts, 
the Project preferred to avoid the phrase "new mathematics" in 
describing itself. 
The Project also differed from "new math" projects in its 
attitude toward teacher training, and eventually its efforts were 
directed entirely in that direction. In its early work in 
Illinois, the Project found that exposing techers to demonstration 
classes was an especially effective way of presenting both new 
mathematical content and new ways of teaching. In later work, 
the emphasis was on exposing large numbers of teachers to such 
demonstration lessons through films. In 1963, the Project 
moved to Educational Services, Incorporated (ESI), in Massachusetts, 
where it built a teacher training program around its films. 
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Jerrold Zacharlas, Vice President of ESI, pointed out that "one of 
the hangups in retraining teachers is that they seem to think they 
already know what there is to know about teaching their subject" 
("The New Math," 1965, p. 116). The University of Illinois Arithmetic 
Project films made clear how much more could be accomplished in the 
classroom. 
At ESI, the Project supplemented its films with written materials 
for teacher training institutes held in Massachusetts and Illinois. 
Efforts were made to make the training programs as self-contained as 
possible, so that eventually Project staff would no longer be 
essential. This goal was attained in early 1968 (Hennessy, 1970, 
pp. 357-358). By 1970, about 1200 teachers had taken the Project's 
training course. The Project Itself no longer conducted this training, 
and considered work on the teacher training program completed (Lockard, 
1970, pp. 587-588). 
A similar program was the Madison Project, directed by Robert B. 
Davis. This project grew out of exploratory work with low-IQ 
disadvantaged students at the Madison Junior High School in Syracuse, 
New York, during the school year 1957-1958 (Davis, 1965, p. 20). 
Since efforts to teach these children arithmetic had failed, 
Davis attempted to teach them algebra and analytic geometry instead— 
and with surprising success. Convinced that "advanced" material 
could be taught to children, the Madison Project began to move 
in the direction of providing a supplementary program for the 
elementary school. Here its method was to first identify the 
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most basic concepts of mathematics (particularly algebra), and 
then to devise lessons Intended to gradually build children's 
readiness to deal with these concepts (Davis, 1960a, p. 572). 
In gradually building readiness, and in teaching advanced 
mathematics to children, Davis was consistent with Ideas expressed 
by Bruner (1960, Ch. 3). Bruner had begun his chapter "Readiness 
for Learning" in The Process of Education with the oiicn quoted 
sentence: "We begin with the hypothesis that any subject can be 
taught effectively in some intellectually honest form to any child 
at any stage of development" (Bruner, 1960, p. 33). Bruner's 
famous statement became the banner under which many sophisticated 
ideas were taught to children during the curriculum reform movement 
of the 1960s (Zacharlas, 1976, p. 20). 
However, Davis, like Beberman, was not interested in introducing 
advanced or modern mathematics for its own sake. Indeed, he stated 
that "the main objective of the project is a behavioral study of 
how people learn mathematics" (Davis, 1960b, p. 178). To this end, 
the work of the Madison Project during the period 1959-1962 
consisted largely of encouraging children to do and discover 
mathematics (Davis, 1965, p. 21). This work was carried out in 
the Weston, Connecticut, public school system, with the collaboration 
of Beryl Cochran. Here a supplementary program in algebra and 
analytic geometry was taught to bright children in grades 2-6. 
The teaching was done by Madison Project staff, or people working 
closely with the Project. 
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Davis was extremely wary of crash programs that might bring 
changes into the elementary schools faster than teachers could handle 
them. Instead, he preferred to see reforms carried out in the 
gradual manner pioneered by Beberman, with close contact between 
teachers and reformers (Davis, 1960b, 179). As others began to 
want to use Madison Project materials, Davis tried various monitoring 
techniques to try to insure that the spirit of the program was not 
lost (Davis, 1965, pp. 88-89). For example, teachers using the 
materials might be filmed, recorded, or observed by the Project. 
The results were discouraging. Davis found that few teachers were 
capable of carrying on the spirit of the Project, and in an effort 
to remedy this problem, the main thrust of the Project moved toward 
teacher training (Davis, 1965, p. 21). 
Davis identified two major shortcomings that appeared repeatedly 
when regular classroom teachers tried to adopt his materials. The 
first problem was that the teachers simply did not know enough 
mathematics. This was a problem faced by all the elementary school 
"new math" programs. We have seen that the CUPM was instrumental 
in bringing some improvement, though far less than it sought. 
Even when teachers took college courses in modern mathematics, 
the results were not always satisfactory. Melson (1965) reported 
on a study of recent college graduates of better than average 
training who were beginning teaching careers in the Philadelphia 
schools. These teachers were given a test on modern elementary 
school mathematics. The test contained a number of extremely 
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simple items requiring only a very rudimentary knowledge of the 
language of sets. These items were missed by about three-fourths 
of the teachers. On the other hand, the teachers did quite well 
with questions on geometry. An examination of the test items, 
however, reveals that they did well only on items included in a 
traditional high school geometry course, which many of them may 
have taken. 
If the results of attempts to improve college mathematics 
training for elementary teachers were discouraging, the outcomes 
of inservice training provided for teachers already in the field 
were no less so. Creswell (1967) reported that such programs 
were normally evaluated, not by measuring what the teachers had 
learned, but by asking their opinions of the program. Attempts to 
test teachers' knowledge before and after inservice training met 
strong resistance from teachers. Creswell was unable to find a 
single instance in which such pre- and posttesting had been actually 
carried out to determine what, if anything, the attending teachers 
had learned. Creswell did manage to posttest 1075 teachers who had 
been retrained to teach modern mathematics programs. Although all 
had received such training, the amount varied widely. Lacking 
any pretest scores for comparison, Creswell administered his test 
to 124 sixth-graders. The sixth-graders scored about 16% higher 
than the teachers. 
While studies such as these must have been discouraging to 
everyone working on reform in elementary school mathematics. 
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they must have been especially discouraging to Davis, whose program 
made much heavier mathematical demands on teachers than the SMSG 
or GCMP programs. Even beyond the question of mathematical 
training, Davis found problems In Integrating the discovery 
approach he advocated with the habits of the teachers he observed. 
Despite their presumed verbal commitment to the values of progres-
slvlsm, Davis found many teachers had great difficulty encouraging 
students' creativity, exploration, and discovery. 
Whereas science and creative mathematics are essentially 
and necessarily tentative, uncertain, and open-ended, the 
traditions of elementary school teaching In many Instances 
are authoritative, definite, absolute, and certain. 
Such a view Is Incompatible with science, with mathematics 
—or, for that matter, with nearly any serious body of 
thought. In fact many questions have no answer, some ques­
tions have many (equally good) answers, and some questions 
have approximate answers but no perfect answers. The 
"tolerance of ambiguity" that Is required of anyone who 
would see the world realistically Is a severe demand for 
some teachers. 
It should be emphasized that the difficulty here Is with 
some teachers, not with children. Children know that they 
live with Incompleteness and uncertainty; scientists know 
that no other state Is available to living human beings. 
Unfortunately, teachers have all too often been taught that 
every question has exactly one right answer, and that the 
child Is entitled to know what it is—or, perhaps, should 
even be required to know what it is. (Davis, 1965, pp. 89, 
108, 90) 
Up until the point at which he began to reach these pessimistic 
conclusions, Davis' work had closely paralleled that of the University 
of Illinois Arithmetic Project. As he watched his program spread, 
Davis appears to have come to feel that the Arithmetic Project's 
hope of producing teacher training materials that could stand 
on their own was not realistic. Davis had already tried films and 
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workshops and most of the other techniques used by the Arithmetic 
Project (see, for example, Davis, 1962), and was not satisfied. 
As a result, the Madison Project turned to another kind of teacher 
training. 
Starting in 1961, the Madison Project began to work on a variety 
of teacher training projects with Webster College, In Webster 
Groves, Missouri (Davis, 1965, p. 23). One of these was a graduate 
program leading to a Master of Arts in Teaching degree (Davis, 1965, 
p. xii). This program, involving 30 credits of classroom-related 
modern mathematics, is probably the most mathematically ambitious 
elementary teacher training program yet attempted. It was never 
intended as a model for the training of all teachers, but rather 
for the training of mathematics specialists. 
The Madison Project also undertook many other activities not 
described here. In the late 1960s, Davis Joined a wide variety of 
mathematics educators in advocating the greatly Increased use of 
concrete objects as learning aids In the elementary school (Davis, 
1966, pp. 355-357). While Davis appears to have been influenced 
primarily by work being done In Europe, we have already seen that 
interest in concrete manlpulatlves was already growing in the 
United States at this time. Fehr had expressed enthusiasm for 
such devices (1963, p. 405), as had Beberman ("The Trials of the 
New Math," 1965). Of course. Stern had been advocating the use 
of her own blocks since the 1940s. By the 1970s, Davis had 
returned to the original goal of the Madison Project, the study 
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of human learning. He became editor of The Journal of Children's 
Mathematical Behavior, which devoted itself much more to examining 
learning than reforming teaching. 
The materials developed by the University of Illinois 
Arithmetic Project and the Madison Project reached very few classrooms 
compared to the "new math" textbooks of SMSG, GCMP, and commercial 
publishers. As modern supplementary programs, they probably 
appealed primarily to school systems that had already adopted a 
basic program based on the "new math," and wished to move beyond 
this. Similarly, the Illinois and Madison teacher training materials 
were really most suitable for teachers already well-qualified to teach 
a modem program in arithmetic. There were already all too few of 
these. On the other hand, an Important contribution of these projects 
was to show how much could be accomplished in the mathematical 
training of children by well-trained and highly skilled teachers. As 
we have seen, however, advances in teacher training were not even 
adequate to support the more modest "new math" programs, and progress 
toward more mathematical training for elementary teachers ceased as 
the "new math" movement began to wane. 
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VIT. CONCLUSION 
The 19608 saw not only growing reaction toward the spread 
of "new math," but a loss of momentum within the movement Itself, 
Perhaps the best example of this was the fate of the Cambridge 
Conference on School Mathematics. The conference was held In 1963, 
when the success of the revolution In high school mathematics seemed 
assured, and the criticisms of elementary school "new math" had 
not begun to appear. Those who organized the conference felt the 
need to start planning for a new "new math"—a program aimed at 
the 1990s that would take the then current "new math" programs 
as its starting point (Goals for School Mathematics. 1963, p. 2). 
Before discussing the 1963 Cambridge Conference, it might be 
wise to clearly distinguish between the three conferences bearing 
that title. The first of these was the 1958 meeting brought about 
through the efforts of the NSF, Jerrold Zacharias, and W. T. Martin. 
This meeting led to the formation of SMSG, and was referred to as 
"the Cambridge Conference" by those involved. Those Involved were 
very few, as this gathering sought no publicity. As a result. 
In subsequent years, "Cambridge Conference" usually referred to 
the 1963 meeting. The third meeting, in 1966, was an outgrowth 
of the second. The second, in turn, while not a direct outgrowth 
of the first, was initiated by the same people as the first. 
In the summer of 1962, Zacharias and Martin invited a number 
of local (I.e., Cambridge, Massachusetts, home of Harvard and MIT) 
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mathematicians and representatives of NSF to an Informal meeting 
on the state of mathematics Instruction in the schools. At that 
gathering It was decided to call a more formal meeting for the same 
purpose the following summer. Financial support came from NSF 
(Goals for School Mathematics. 1963, p. 2). 
It was decided at the outset to Invite only persons holding 
university positions. Including mathematicians, mathematics educators, 
statisticians, physicists, chemists, and economists (Goals for 
School Mathematics, 1963, p. 3). Among the mathematicians were many 
active In the development of the "new math," such as Begle, Mosteller, 
Suppes, and Wllks. The mathematics educators present Included 
Robert Davis and E. E. Molse. Conspicuously absent were the likes 
of Stem, Sawyer, Van Engen and Fehr. Neither were any experts 
In education Invited, although psychologist Bruner was present. 
Briefly summarized, the Conference called for compressing the 
K-12 curriculum to the point where It would Include two years of 
calculus, and a semester each of modern algebra and probability 
theory (Goals for School Mathematics, 1963, p. 7). 
The means for accomplishing this goal were left somewhat 
vague. The general principles discussed showed the Influence 
of Robert Davis and the Madison Project's work teaching advanced 
mathematics to young children. In keeping questions of Implementation 
on a general level, the Conference returned to the traditions of 
the era before the "new math." The NCTM's thirty-second yearbook 
(1970) mentions many committees, commissions, and conferences that 
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attempted to Influence mathematical education during the first 
half of this century. On the whole, their effects were very 
modest. In part because they discussed what should be done, rather 
than doing what should be done. UICSM broke with this tradition 
by actually trying to Implement the reforms It advocated. SMSG 
followed In these footsteps by producing texts embodying the reforms 
It advocated. When the Cambridge Conference Issued Its report In 
1963, It was still only discussing. 
Response to the Conference's report gave further evidence of 
the dissipation of the "new math's" energies. Whereas the Report 
of the Commission on Mathematics received widespread favorable 
response, the report of the Cambridge Conference obtained mixed 
reviews. The Ijathematics Teacher alone carried three such reviews. 
Irving Adler (1966), who had contributed some of the first popular 
books for the layman on modern mathematics, was generally enthusiastic. 
Carl Allendoerfer (1965b) was less so. He felt that the Conference's 
goals were close to being achieved for the top students in the better 
suburban schools. In Allendoerfer*s view, the second stage of the 
revolution in mathematics should have been aimed at bringing "new 
math" to the smaller rural schools, and providing a completely new 
curriculum for less able students. Marshall Stone (1965) produced 
the most negative review. Like Allendoerfer, he felt that the goals 
put forth were not very far beyond what was already being achieved 
in some circumstances. For Stone, the Conference had been 
disappointing in its delineation of the means for achieving these 
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goals on a wider scale. Also like Allendoerfer, Stone was 
concerned about the adequacy of the proposed program for the 
less able child, especially In the elementary school. 
While much more could be said about the recommendations of 
the Cambridge Conference, and the attacks of its critics, perhaps 
the most significant aspect of the entire debate was the change 
it reflected in the "new math" movement. Specific new programs, 
ready to be tried, were not appearing. Recommendations were debated 
rather than carried out. In the end, the goals of the Cambridge 
Conference were implemented little more than they would have been 
had the Conference never occurred. 
While no far-reaching reforms resulted from the Cambridge 
Conference, the meeting was not without consequences. The 1963 
Conference had ignored entirely the problems of teacher training 
that would be Involved in putting Its recommendations into effect 
(Goals for School Mathematics. 1963, p. 3). In 1966, a third 
Cambridge Conference was held, and this time the subject was teacher 
training. The resulting recommendations were considerably more 
ambitious than those of the CUPM (Goals for Mathematical Education 
of Elementary School Teachers. 1967, pp. 14-15). In fact, very 
few teacher training institutions ever adopted the CUPM recommendations, 
to say nothing of more ambitious proposals. 
There was one serious attempt to Implement the program advocated 
by the 1963 Cambridge Conference. This work was carried out by 
Bert Kaufman, with support from a variety of sponsors (Lockard, 
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1970, p. 316). Kaufman began his work at the Nova School In Fort 
Lauderdale, Florida. This school had a strong intellectual bent. 
Classes met eleven months of the year, and the school did not 
provide such non-educational services as school lunches or school 
busses (Davis, 1965, pp. 48-59). After a year in Florida, 
Kaufman took his project to Southern Illinois University in 
September 1966. Known as the Comprehensive School Mathematics 
Program (CSMP), Kaufman's project put more emphasis on mathematical 
content than on pedagogy. However, CSMP was quite aware of the 
problems of teacher training, and actively discouraged the use of 
its materials by teachers who had not been specially trained by 
CSMP (Lockard, 1970, pp. 316-319). 
A somewhat similar project was begun under the direction of 
Howard Fehr (1974) in 1966. Fehr's description of the project 
does not indicate that it was specifically Inspired by the Cambridge 
Conference, but it did share the goal of considerably compressing 
the curriculum. Despite his misgivings about elementary school 
"new math," Fehr felt strongly that the modern viewpoint in 
mathematics should be the main guiding principle in restructuring 
secondary school mathematics (p. 26). Other features of Fehr's 
Secondary School Mathematics Curriculum Improvement Study (SSMCIS) 
included a greater emphasis on applications than was common in 
other "new math" programs (p. 33) and the elimination of geometry 
as a separate course (p. 28). Instead, there was an attempt to 
integrate the entire curriculum and to eliminate division into 
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separate subjects such as algebra, geometry, trigonometry, etc. 
Of course, this had been advocated at least since the days of 
Perry and Moore. 
While the programs of Kaufman and Fehr appear to have achieved 
some success on their own terms, they were never widely adopted. 
The changes instituted by SMSG were already putting a strain on 
teachers and the public, and further changes were not sought by 
many. 
As a vigorous revolutionary movement, the "new math" did not 
survive the 1960s. By the early 1970s, Beberman was dead and 
SMSG was disbanding (Kline, 1974, pp. 133-134). The influence of 
UICSM and SMSG continued to be felt in the high school through the 
popular Dolciani textbook series. However, later projects such as 
the Cambridge Conference, CSMP, and SSMCIS never shared such widespread 
Influence. 
The permanent gains for "new math" in the elementary school 
were even more modest. In the initial burst of new programs and 
textbook series, the influence of modem mathematics was the principal 
novelty. Soon after, such mathematics educators as Henry Van Engen 
began to reassert their influence, and the tradition of progressivism 
began to outweigh the influence of modern mathematics. The result, 
however, was not a return to the Brownell textbooks (for example). 
Although modern mathematics ceased to be a force for change in 
the elementary school curriculum, many of the changes made in the 
early 1960*8 have lasted into the 1980's. In addition, there has 
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been an Increased Interest In the use of concrete manlpulatlves. 
While not present In the Brownell programs, such manlpulatlves 
have roots In the progressive tradition going back to Pestalozzl. 
Thus, we have seen in recent years an Integration of modem content 
with the progressive tradition in the elementary school. 
Why did the "new math" movement fade away by the early 1970s? 
There have been no careful investigations aimed at answering 
this question. The popular view seems to be that the "new math" 
was abandoned because it did not work. This explanation is weak 
on three counts. First, the "new math" was not abandoned. Instead, 
it was adopted and remains with us today, although it is not quite 
as uncompromisingly "modern" as some had hoped in the 1950s, and 
efforts to make it even more modern have been largely abandoned. 
Secondly, there is no strong evidence that the "new math" failed. 
There have been grumblings in recent years about declining scores 
on various standardized tests, and feelings that this might be 
due to the "new math." In fact, however, there have been no 
scientific attempts to establish such a connection, and there 
are plenty of other reasons why test scores might decline, some 
of which will be discussed shortly. Finally, the "old math" was 
never much of a success to begin with, and Its longevity shows 
that a curriculum is not abandoned simply because it does not 
work. 
Instead, the "new math" movement came to an end for 
much simpler reasons. Specifically, the movement ended when the 
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forces that brought It Into being were dissipated. Let us briefly 
review those forces. 
One such force was the revolution In mathematics In the nineteenth 
century. This revolution finally reached the schools In the 1950s. 
There can be no doubt that the "new math" movement made those 
concerned with mathematical education aware of that revolution. Nor 
can there be any doubt that that revolution has now permanently 
altered the mathematics curriculum. If mathematics educators have 
not chosen to Include as much modern mathematics as some might have 
hoped. It can no longer be said that this Is due to Ignorance of 
modern mathematics. The goal of establishing contact between 
teachers and modern mathematics has been met. 
Another force that was at least relevant to the "new math" 
movement was progresslvlsm In education. Progresslvlsm was 
Important because the teachers of the 1950s (and '60s and '70s 
and '80s) Inherited the values of progresslvlsm, and when the 
"new math" began to spread. It was marketed with progressive-
sounding sales slogans. While this made "new math" sound good 
to teachers, the "new math" programs in fact were no more 
(perhaps less) progressive than the programs developed by 
people like Brownell and Van Engen in the 1930s, '40s, and '50s. 
Indeed, despite occasional congruences, and occasional conflicts, 
modem mathematics and progresslvlsm were largely Independent 
phenomena. 
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Another factor In the rise of the "new math" was World War II. 
One effect of the War was the revitalisation of many college 
mathematics teachers. Called upon by the war emergency to learn 
or develop new mathematics for new applications, these teachers 
found the traditional curriculum dull and out-of-date when they 
returned to teaching. After the War, the various NSF Institutes 
continued to bring teachers Into contact with new developments In 
mathematics—or at least they did so until they were discontinued 
In 1973 (Smith, 1973, p. 568). Since then, there has been nothing 
of comparable size bringing teachers Into contact with new developments 
In mathematics. 
Another effect of the War was the development of new branches 
of applied mathematics, such as operations research. In the years 
since then, such developments have continued to Influence the college 
curriculum. Unfortunately, the resulting courses have often been 
Isolated ones appealing to a limited clientele. The course sequence 
leading to a year or more of calculus Is still the "normal" one, 
and this traditional sequence probably still exerts more Influence 
on the high school curriculum than do operations research, probability, 
statistics, and other newer fields. However, as long as the colleges 
iMét the demands for vocationally oriented courses In these newer 
areas, the forces moving toward Integration of this material 
with the normal college or high school mathematics curricula are 
small. Indeed, they were not much larger In the "new math" era. 
244 
The Commission on Mathematics' proposed high school course in 
probability and statistics fell by the wayside early. 
The last Influence of World War II was to make Americans 
acutely aware of the role of science and technology In modern 
society In general, and In modern warfare in particular. During 
the period from the birth of UICSM to the death of SMSG, attitudes 
in this country towards war and technology changed radically. 
During the 1950s, we were deeply concerned with outdistancing the 
Soviet "enemy." By the late '60s and early '70s, the United 
States government found itself the object of bitter protest 
against an unpopular war. Young people rejected their country's 
military policy. Just as the cold war had brought a heightened 
interest in science, technology, and education, the reaction to the 
Viet Nam war brought rebellion against these things. Students 
demonstrated against that war and against the education they were 
receiving in college. Science and technology came to be regarded 
as harmful to peace, to the environment, and to human values in 
general. It is no wonder that Interest in mathematics—new or old— 
declined. It is no wonder test scores declined too. 
This is but a brief sampling of the many social changes of 
the late '60s and early '70s. Much more could be said, 
but the central issue is that the post-Sputnik era had come to an 
end. Government support for all kinds of science and technology— 
from curriculum reform to NSF institutes to the space program— 
245 
began to diminish. As social pressure and government funding gave 
less support to curriculum development, teachers felt less Inclined 
to exert the added effort needed to implement the new programs. The 
teachers were also often unable to successfully implement the new 
programs, for the "new math" projects ended before adequate teacher 
training programs had been developed and Implemented. As the era 
that created a felt need for radical currlcular reform came to an 
end, so did the further growth and spread of "new math." The "new 
math" movement ended with the era of which it was a part. 
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